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Abstract

The temporal analog of the reflection of optical beams from a spatial boundary is an interesting
scientific topic. A spatial boundary is an interface across which the refractive index changes in
space. An optical beam, hitting such an interface, generates a reflected beam that travels backward.
It turns out that there is a temporal analog of this effect that happens for optical pulses instead of
spatial beams. When a moving boundary of index change is created in a dispersive medium, an
optical pulse can interact with this boundary and undergo a temporal analog of spatial reflection.

In this thesis, I performed theoretical as well as experimental studies on this novel effect. I
studied the temporal reflection’s dependence on the moving boundary’s properties and proposed
several interesting phenomena, such as a temporal analog of focusing and collimation for optical
pulses. Experimentally, using the optical Kerr effect to create a moving boundary by sending a
strong pump pulse, I observed the temporal reflection of a weak probe pulse from the moving
boundary in an optical fiber. Interesting effects were observed and studied, such as the trapping of
a probe pulse by the pump pulse and probing the trajectory of the pump pulse through temporal
reflection.



viii

Contributors and Funding Sources

This work was supported by a dissertation committee consisting of Professor Govind Agrawal
and Professor William Renninger of the institute of Optics and Dr. William Donaldson of the
Laboratory for Laser Energetics.

This material is based upon work supported by the National Science Foundation under award
number ECCS-1933328, and the Department of Energy [National Nuclear Security Administra-
tion] University of Rochester “National Inertial Confinement Program” under award number DE-
NA0004144.

This report was prepared as an account of work sponsored by an agency of the U.S. Govern-
ment. Neither the U.S. Government nor any agency thereof, nor any of their employees, makes any
warranty, express or implied, or assumes any legal liability or responsibility for the accuracy, com-
pleteness, or usefulness of any information, apparatus, product, or process disclosed, or represents
that its use would not infringe privately owned rights. Reference herein to any specfic commercial
product, process, or service by trade name, trademark, manufacturer, or otherwise does not neces-
sarily constitute or imply its endorsement, recommendation, or favoring by the U.S. Government
or any agency thereof. The views and opinions of authors expressed herein do not necessarily state
or reflect those of the U.S. Government or any agency thereof.



ix

List of Figures

2.1 This figure is from [1]. (a) and (b) are the schematics showing a spatial reflection
and a temporal reflection. (c) and (d) show the dispersion relations of the medium
and how the boundary transfer the input wave to the reflected and transmitted waves. 6

2.2 Schematic of temporal reflection on a moving boundary with dispersive medium.
Both sides are assumed to be dispersive in this figure. . . . . . . . . . . . . . . . . 9

2.3 Phase continuity relation for moving boundary inside dispersive medium. The blue
curve represents the dispersion relation of the medium that the incident pulse is in.
The red curve is the dispersion on the other side of the boundary. (a) small index
change, transmitted wave exists. (b) large index change, no transmitted wave. . . . 10

2.4 Raman response function given by Eq. (2.26). . . . . . . . . . . . . . . . . . . . . 16

3.1 Simulation of Eq. (3.4) from [19]. This shows the evolution of an incident pulse
interacting with a moving boundary. Top: evolution of the temporal pulse shape.
Bottom: evolution of the spectral shape. The white dashed line is the boundary. . . 19

3.2 Frequency dependence of the reflection and transmission coefficients. Solid and
dashed curves show, respectively, the modulus and phase of these two quantities. . 22

3.3 Solution of pulse propagation equation Eq. (3.5) using (left) analytical theory Eqs.
(3.14) and (3.15), compared with (right) purely numerical solution. The relative
power |A(z,τ)|2 is plotted on a 40dB decibel scale. . . . . . . . . . . . . . . . . . 23

3.4 (a) Simulation of temporal reflection. The input pulse’s central frequency lie at
the critical point of total reflection. (b) The output pulse shape compared with the
input pulse shape. (c) Input spectrum compared to |R| and |T |. . . . . . . . . . . . 24

3.5 (a) Simulation of an input pulse undergoing total reflection from a moving bound-
ary. (b) Demonstration of the time domain Goos-Hänchen shift. . . . . . . . . . . 25

3.6 staircase approximation: break the continuous boundary function into a number of
discrete steps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.7 Left: boundaries with different sharpness by varying m. Right: reflectivity of the
different boundaries as a function of incident wave frequencies. . . . . . . . . . . . 28

3.8 Simulation of temporal reflection on a boundary with finite rise time with two
different index changes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.9 sketch of time domain FPR formed by two boundaries. . . . . . . . . . . . . . . . 30
3.10 Frequency dependence of TFP (blue line) and |Γ|2 (orange line) for a temporal FPR

formed using two boundaries that have sech2 shape, induced by optical solitons. . . 32



LIST OF FIGURES x

3.11 Temporal evolution of a 20-ps Gaussian pulse when its spectrum is centered at (a)
a transmission peak and (b) a transmission valley. (c) shape of the FPR formed by
two boundaries (d) Location of pulse spectra within the transmission curve (red)
of the FPR. The blue solid line is the incident spectrum in (a) and the dashed line
is the incident spectrum in (b); spectral intensity is plotted. . . . . . . . . . . . . . 33

3.12 Top: Temporal evolution of a 2-ps Gaussian pulse when its spectrum is centered at
a transmission peak of the FPR. Bottom: Spectra of the incident (blue solid line)
and transmitted pulses (blue dashed line) superposed on the transmission curve of
the FPR (red). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.1 Raman gain as a function of frequency offset [36]. . . . . . . . . . . . . . . . . . . 38
4.2 Evolution of the input soliton with the presence of Raman effect. . . . . . . . . . . 40
4.3 Group index of a single mode fiber. For a 1500nm pump soliton, the group velocity

matching wavelength λGVM is 1145nm. . . . . . . . . . . . . . . . . . . . . . . . 41
4.4 Evolution of the probe pulse reflecting from a soliton undergoing Raman red shift.

The black dashed line shows the trajectory of the soliton. . . . . . . . . . . . . . . 44
4.5 Reflectivity as a function of D = (δi −δr)T1 for three values of B based on (4.22). . 45
4.6 Temporal focusing of a T2 = 2.5 ps pulse. The pulse’s temporal evolution is shown

in (a). The shapes of the focused pulse (at z = 45 m, where the reflected pulse has
the smallest width) and input pulse are given in (b). . . . . . . . . . . . . . . . . . 47

4.7 Spatial analog: reflection of a Gaussian beam from a partially reflecting parabolic-
shape mirror. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.8 Temporal defocusing induced by a pump soliton: (a) temporal evolution, (b) spec-
tral evolution. The 1135-nm probe is a Gaussian pulse with T2 = 0.5 ps and leads
the pump pulse by 2.5 ps initially. . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.9 Comparison of the analytically predicted and numerically simulated spectra for the
pulse reflected pulse using the parameters used for Fig. 4.4. The analytical curve
is based on Eq. (4.29). The incident pulse spectrum is also plotted as a reference. . 50

4.10 The reflected pulse’s RMS pulse width as it propagates. The parameters are the
same as in Fig. 4.4. The numerical RMS pulse width obtained directly is compared
with the RMS pulse width predicted by the Gaussian approximation Eq. (4.32). . . 50

4.11 Simulation result of a short probe pulse collimated by the Raman soliton. . . . . . 51

5.1 Cited from [23]. Simulation of Eq. (5.1). The input pulse is a Gaussian pulse. . . . 54
5.2 Temporal (a, c) and spectral (b, d) evolutions of pump (top) and probe (bottom)

pulses over a 1-km-long fiber. The probe pulse is trapped within the temporal
waveguide formed by two Raman solitons. The intensity is plotted on a logarithmic
(dB) scale. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.3 First two modes of the temporal waveguide formed by two solitons with T1 = 0.2ps
and ∆T = 5ps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.4 Temporal evolution of probe pulse in the non-inertial frame with the same param-
eter values used in Fig. 5.2. Left: solution of Eq. (5.6). Right: solution based on
the coupled-mode equations in Eq. (5.19). . . . . . . . . . . . . . . . . . . . . . . 59

5.5 Changes occurring with distance in the distribution of pulse’s energy among dif-
ferent modes. Parameter values are the same as in Fig. 5.2. . . . . . . . . . . . . . 60



LIST OF FIGURES xi

5.6 (a) Temporal and (b) spectral evolution of a probe pulse (T2 = 0.5 ps) inside a
temporal waveguide with ∆T = 2.5 ps. . . . . . . . . . . . . . . . . . . . . . . . 62

5.7 Mode energies evolution in a 2.5ps temporal waveguide in Fig. 5.6. Dashed lines
show the result from the two-mode theory. . . . . . . . . . . . . . . . . . . . . . . 63

5.8 (a) Temporal and (b) spectral evolution of a probe pulse (T2 = 2 ps) inside a tem-
poral waveguide with ∆T = 10 ps. . . . . . . . . . . . . . . . . . . . . . . . . . . 64

6.1 Measured group index of our PCF plotted as a function of frequency. The dashed
vertical line marks its zero-dispersion frequency (wavelength 738 nm). Two dots
at the bottom mark the initial central frequencies of the pump and probe pulses.
Two arrows show changes in these frequencies during their propagation inside the
PCF. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6.2 Numerical simulations for a Raman-induced temporal waveguide. The probe pulse
follows the pump’s trajectory because of its Raman-induced deceleration. Spectral
evolution at the bottom shows the red and blue shifts of the pump and probe pulses. 67

6.3 Experimental setup. OPA: Optical parametric amplifier. BPF: bandpass filter.
HWP: half-wave plate. LP: linear polarizer. PCF: photonic crystal fiber. SFG:
sum frequency generation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

6.4 Measured output spectra under different conditions. (a) Only the pump or probe
pulse is sent through the PCF. (b) Both pump and probe pulses are sent through
the PCF. Data are averaged over 25000 pulses. . . . . . . . . . . . . . . . . . . . . 69

6.5 Measured output spectra for three values of average pump pulse energy. Data are
averaged over 2500 pulses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.6 Probe’s output wavelength plotted as a function of soliton’s wavelength (circles).
The solid line is the prediction based on the dispersion data in Fig. 1. . . . . . . . . 71

7.1 Schematic showing the temporal reflection of three probe pulses (red lines with
arrows) from a decelerating boundary. Central frequency of the reflected pulse
depends on the initial delay (or advance) of the probe pulse. . . . . . . . . . . . . . 72

7.2 Temporal and spectral evolution patterns over the PCF length are shown for the (a)
soliton (pump) and (b) probe pulse on a logarithmic color scale. The white dashed
line in (b) shows the trajectory of the soliton. . . . . . . . . . . . . . . . . . . . . 74

7.3 Color-coded output spectrum of a 645-nm probe pulse for different initial delays
between the pump and probe pulses. . . . . . . . . . . . . . . . . . . . . . . . . . 75

7.4 Measured output spectra with three distinct peaks when the soliton undergoes neg-
ligible RIFS. Probe pulses at wavelengths 683 and 689 nm were reflected off the
soliton formed by the 800-nm pump pulse. A blue-shifted reflected pulse (dashed
line) is produced in both cases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

7.5 Measured output spectra for different pump-probe delays when the incident probe’s
central wavelength was (a) 645 nm, (b) 635 nm and (c) 625 nm. Spectral intensity
is shown in logarithmic scale relative to the probe’s peak spectral intensity. (d)
Output spectrum in the pump’s spectral region. . . . . . . . . . . . . . . . . . . . 78



LIST OF FIGURES xii

7.6 (d) Retrieved trajectory of the soliton’s wavelength based on the measured delay
dependence of the reflected pulse spectra. Numerically predicted wavelength of
the reflected pulse wavelength based on the retrieved trajectory for probe pulses
launched at wavelengths (a) 645 nm, (b) 635 nm, and (c) 625 nm. Measured results
are also shown for comparison. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

7.7 4-f pulse shaper containing two prisms, two lenses, and a mirror. A tunable slit is
placed at the Fourier plane of the 4f system for spectral manipulation. One of the
prisms is mounted on a translational stage for dispersion control. . . . . . . . . . . 80

7.8 (a) Experimental spectra of the probe pulse at the PCF output obtained for different
pump-probe delays. (b) Spectra of the pump pulse at the input and output ends of
the PCF. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

7.9 Numerical simulations showing how output probe spectrum changes with the ini-
tial pump-probe delay. Positive delay implies that the pump is trailing the probe.
The White dashed line is the central wavelength of the input probe pulse. . . . . . 82

7.10 Experimental results for wide pump pulses. (a) Spectra of probe pulses at the PCF
output as the relative delay is varied. (b) Spectra of probe pulses at the input and
output ends of the fiber. (c) Output spectrum obtained for a pump-probe delay of
0.5 ps. Three of the five peaks correspond to three reflected pulses. . . . . . . . . . 83

7.11 Simulation results for wide pump pulses. (a) Spectra of probe pulses at the PCF
output as the relative delay is varied. (b) Shape and chirp of the input pump pulse
deduced with the FROG technique. (c) Evolution of the pump and probe pulses
over the 1-m-length of the PCF. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

7.12 Experimental results for chirped pump pulses. (a) Measured probe spectra at the
PCF output as the relative pump-probe delay is varied from 0 to 1 ps. (b) Pump
spectra at the input and output ends of the PCF. . . . . . . . . . . . . . . . . . . . 86

7.13 Simulation results for chirped pump pulses. (a) Spectra of probe pulses at the PCF
output as the relative delay is varied. (b) Shape and chirp of the input pump pulse
deduced with the FROG technique. (c) Evolution of the pump and probe pulses
over the 1-m-length of the PCF. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

B.1 Setup of dispersion measurement using white light interferometry. PCF: photonic
crystal fiber. OSA: optical spectrum analyzer. SMF: single mode fiber. . . . . . . . 93

B.2 Spectral fringes from experiments. A stationary phase point can be observed . . . . 95
B.3 Spectral fringes from interference between the reference light and back end reflec-

tion of PCF. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

C.1 Soliton trajectory obtained from (C.10). Different parts of the trajectory are ob-
tained from measurements using different probe wavelengths. The first 0.5m is
estimated with a parabolic shape. . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

C.2 (a), (b) and (c): Simulated reflected wavelength based on the trajectory obtained
with Eq. (C.10) and the optimized trajectory. (d) The trajectory obtained by Eq.
(C.10) and the optimized trajectory. . . . . . . . . . . . . . . . . . . . . . . . . . 101

C.3 Comparison of the output probe pulse spectrum. The left column shows the mea-
sured data. The right column shows the simulation result based on the retrieved
RIFS trajectory through optimization. . . . . . . . . . . . . . . . . . . . . . . . . 102



1

Chapter 1

Introduction

1.1 Reflection and Refraction
The phenomena of reflection and refraction of an electromagnetic wave are familiar to everyone.
Using optics as an example, in daily life, we see reflections of light wherever some surface is
present. The refraction of light happens as the light goes from one transparent medium to another
one.

In physics, waves occur in many different contexts, such as acoustic waves, electromagnetic
waves, quantum mechanical waves, and so on. In different contexts, the physics of waves shares
some important similarities. One important property is that when the medium that it propagates in
is homogeneous and time-invariant, the wave propagates in one direction, without changing its di-
rection or velocity. A more sophisticated way of expressing the same idea is that the frequency and
the wave-vector of a wave are conserved when the homogeneous, time-invariant medium possesses
temporal and spatial translational symmetry.

In the case of reflection and refraction of waves on an interface between two media, the spatial
translational symmetry is broken. As a result, the wave-vector of a wave is no longer conserved,
and the wave can change its direction during reflection, or it can change its speed as it enters
another medium, which is refraction. In all cases, the frequency of the wave is always preserved,
as the system is time-invariant. This is indeed consistent with our daily experiences since the color
of light does not change when it reflects or refracts through a transparent medium.

1.2 Temporal Analog of Reflection and Refraction
Contrary to the phenomenon of waves interacting with spatial structures, the phenomenon of wave
propagation in a time-varying medium is far less familiar. When the medium that the wave prop-
agates in changes its property in time, the time-invariant symmetry is broken, which can lead to a
wide variety of novel phenomena. In recent years, there has been a growing research interest in
this field. It is believed that a new degree of freedom in the manipulation of waves is possible by
controlling the properties of materials in time [1, 2, 3, 4].
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One of the most interesting phenomena is the dynamics of a wave interacting with a temporal
interface. This topic was first studied back in 1958 by Morgenthaler [5]. A simple version of the
problem is as follows: Assuming that an electromagnetic wave is propagating in a homogeneous
medium with some constant permittivity and permeability. At some instance of time, the medium’s
properties are abruptly changed everywhere. What would happen to the wave propagating in the
medium? This abrupt change of a medium’s properties in time is called a temporal interface, or a
temporal boundary. It is a direct analog of a spatial interface between two media, except that the
medium property changes with time instead of space. It was found that, in general, when a wave
interacts with a temporal boundary, it splits into two waves: one moves in the original direction,
while the other moves in the opposite direction. This has been interpreted as the temporal analog
of reflection and refraction. Contrary to its spatial counterpart, the reflected and refracted waves
have a change in their frequency from that of the incoming wave, but their wave-vectors remain
conserved. The reason is that the temporal boundary breaks the time-translational symmetry, but
the space-translational symmetry is preserved.

Temporal boundaries have been studied both theoretically and experimentally across many dif-
ferent fields in physics. Theoretically, a variety of novel effects were proposed based on temporal
interfaces, such as photonic time crystals [6, 7, 8, 9], temporal antireflection coatings [10] and
photon pair production [11, 12]. Experimentally, temporal reflection has been observed for water
wave [13], radio frequency wave [14, 15] and ultracold atoms [16]. However, for optical waves,
only temporal refraction has been observed in epsilon-near-zero material [17, 18]. The challenge
is that for temporal reflection to occur, the medium needs to change its refractive index with a large
magnitude (order of unity), within a time scale that needs to be comparable to an optical oscillation
period.

In 2015, Plansinis et al. proposed a different type of temporal analog of reflection [19]. Instead
of considering a uniform index change that happens everywhere at the same time, here the index
change is assumed to be moving at a speed close to the speed of light. We can imagine that there
is a boundary of index change that is moving. It was found that reflection and refraction also take
place when an input pulse, traveling at a different speed, collides with this moving boundary. In
this case, the reflected pulse is still traveling in the forward direction, but its speed is changed
because of a large frequency shift from the incident pulse frequency. This is completely different
from the temporal reflection mentioned previously where the reflected light travels backwards. It
turns out that this type of temporal reflection can be achieved much more easily experimentally. In
fact, it was already studied in the field of nonlinear fiber optics as an optical analog of the event
horizon of a black hole [20, 21, 22]. Experimentally, it is possible to create a moving index change
by injecting a strong pump pulse, which increases the refractive index through the optical Kerr
effect. The index change only happens over the duration of the pump pulse, i.e., the index change
forms a boundary that co-propagates with the pump pulse. A weak probe pulse is then injected
into the medium, and it can go through temporal reflection as it interacts with the index change
created by the pump pulse.

During my PhD study, my research focused on extending the work of Plansinis [19] about the
temporal reflection of light at a moving boundary of index change. I was involved in both the
theory and experiments on temporal reflection, with emphasis on temporal reflection in optical
fibers using the pump-probe scheme mentioned above. A large portion of my work focused on the
dynamics of the temporal reflection of light on a boundary whose speed changes as it propagates.
Compared to the temporal reflection with a boundary moving at a constant speed, a number of novel
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and interesting effects, such as temporal pulse trapping, temporal pulse focusing and collimation,
were discovered and explored.

1.3 Thesis Outline
In Chapter 2, I provide the mathematical formulation of the theory of temporal reflection. The
two kinds of temporal reflections mentioned previously are analyzed, showing their similarities
and differences. A model of pulse propagation in optical fibers is also given as a valuable tool for
describing the temporal reflection in optical fibers. The numerical simulation techniques are also
given.

In Chapter 3, I start from the simplest case of temporal reflection of waves at an ideally sharp
boundary (shape given by a step function) and analytically derive the coefficients of reflection and
transmission. A temporal version of the Goos-Hänchen shift is analyzed with the analytical results.
Then, with a semi-analytical method, I perform analysis of temporal reflection at boundaries with
shapes other than a step function, showing the effect of the boundary’s sharpness on the reflectiv-
ity. I also use this method to discuss the possibility of a time-domain Fabry-Perot resonator for
frequency shifting.

In Chapter 5, I consider the more realistic situation of temporal reflection in an optical fiber,
using the pump-probe method. Here, I include the higher-order nonlinear effect that can affect
the pump pulse propagation. It was found that the Raman effect of the fiber causes a continuous
deceleration of the pump pulse, resulting in a constantly decelerating boundary. I discuss the novel
effects such as temporal focusing, defocusing and collimation that take place as a probe pulse
reflects off the decelerating boundary.

In Chapter 6, I consider a temporal waveguide formed by two pump pulses. Such temporal
waveguide can trap a short probe pulse, which propagates without broadening from dispersion
[23, 24]. The deceleration of the pump pulses produces a decelerating temporal waveguide. An
analytical theory is developed for studying the temporal mode coupling dynamics of such a decel-
erating temporal waveguide.

In Chapter 7, I discuss the experimental work on temporal reflection. I use a photonic crystal
fiber as the platform for achieving this effect, using the pump-probe scheme. The pump pulse
forms a decelerating boundary as described in Chapter 5, and we experimentally show that this
decelerating boundary leads to a trapping of the probe pulse. We observed a large wavelength shift
(tens of nanometers) of the probe pulse with a high efficiency.

In Chapter 8, we utilize the temporal reflection effect as a way of probing the decelerating
boundary itself. Here, we are interested in the space-time trajectory of this decelerating boundary.
It is found that by performing the temporal reflection of a probe pulse on different parts of the
boundary, and measuring the reflected pulse, it is possible to deduce the trajectory of the boundary.
We also study further how the dynamics of the index boundary affects the temporal reflection. We
show that by adjusting the parameters of the input pump pulse, the evolution of the pump pulse can
be significantly affected. We observe a significant change in the temporal reflection when a probe
pulse reflects off the pump pulse. Such change is analyzed both numerically and experimentally,
showing a reasonably good agreement. We believe this technique can be developed as a diagnostic
tool for complex nonlinear pulse propagation problems.
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Chapter 2

Theoretical Background

In this chapter, I provide the theoretical background of the phenomenon of temporal reflection, as
well as suitable models for studying the propagation of pulses in optical fibers, which are used as
a platform for our experiments on temporal reflection. Some numerical simulation techniques are
also described.

2.1 Maxwell’s Equations
In general, the propagation of electromagnetic waves is governed by Maxwell’s equations:

∇ ·D = ρ

∇ ·B = 0

∇×E =−∂B
∂ t

∇×H = J+
∂D
∂ t

.

(2.1)

The charge density ρ and the current density J are both from the contributions of free carriers.
Here, we assume that these two quantities vanish since we are considering a dielectric material.

The material properties are usually given phenomenologically by the constitutive relations:

D = εE , B = µH. (2.2)

The permittivity ε and permeability µ determine how the medium responds to the electric and
magnetic fields by generating polarization and magnetization.

2.2 Temporal Boundary
We first introduce the simplest kind of temporal reflection with an ideally sharp temporal boundary.
This problem was originally studied by Morgenthaler [5], and also discussed later by Mendonça
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[25], and Xiao et al. [26] among other researchers. In this simple case, the material’s dispersion is
neglected, assuming that the response of the medium is instantaneous. To form a temporal bound-
ary, the parameters ε and µ are both functions of time t. Physically, we assume that somehow,
the material properties can change with time. Experimentally, this change is caused by an external
modulation. For example, for a regular optical medium such as glass, the optical Kerr effect can
increase the refractive index of the medium by sending in an external pump beam [27, 28]. In some
crystals with non-centrosymmetric crystalline structures (such as lithium niobate), such modula-
tion can also be created via the electro-optical effect by sending in an external radio-frequency
wave. In the simple case of an ideal sharp temporal boundary, we assume that the material’s prop-
erties go through a sudden change everywhere simultaneously:

ε(t) =

{
ε1, for t < 0
ε2, for t > 0

, µ(t) =

{
µ1, for t < 0
µ2, for t > 0

. (2.3)

Here we assume that the change in medium properties occurs at time t = 0. To calculate the changes
of the electromagnetic wave at this temporal boundary, we need to use the boundary conditions of
Maxwell’s equations. However, it is important to keep in mind that the boundary conditions are
different from the case of a spatial boundary. In the spatial case, the boundary conditions require
that the transverse components of E and H along the spatial boundary are continuous [29]. For the
temporal boundary considered here, this is not the case. One notices that Maxwell’s equations Eq.
(2.1), contain time derivatives of D and B. For the equations to make physical sense, we require
that these two time derivatives are finite. This requires that D(t) = ε(t)E(t) and B(t) = µ(t)H(t)
are continuous when ε and µ are suddenly changed. Clearly, E and H are going to experience
sudden jumps at the temporal boundary.

With the boundary conditions, it is relatively straightforward to calculate the changes in a
wave interacting with this temporal boundary. For simplicity, we consider an x-polarized wave
propagating in the z-direction. Before the change in the medium, the wave propagates unaffected,
so the electric and magnetic fields can be written as:

for t < 0:


Ex(z, t) = E0ei(kz−ω1t)

Hy(z, t) =
E0

η1
ei(kz−ω1t) (2.4)

Here η1 =
√

µ1/ε1 is the impedance of the medium before the temporal boundary. The frequency
and wave number of the wave are related by the refractive index of the medium: ω1 = k/

√
ε1µ1.

Note that we are using the standard notion of complex electric and magnetic fields. It should be
kept in mind that only the real part of the complex field represents the actual physical field.

At t = 0, when switching occurs, the temporal boundary conditions require that Dx(z, t = 0+) =
Dx(z, t = 0−) = ε1E0ei(kz−ω1t) and By(z, t = 0+) = By(z, t = 0−) = µ1

E0
η1

ei(kz−ω1t). Thus, after
switching, the plane wave still has a wave-vector of k. This is because the temporal boundary does
not break the spatial translational symmetry. To match the boundary conditions, we note that there
are two solutions of plane waves that have the same wave-vector k. The field after switching (t > 0)
should consist of a superposition of these two waves:

for t > 0:


Ex(z, t) = Erei(kz+ω2t)+Etei(kz−ω2t),

Hy(z, t) =−Er

η2
ei(kz+ω2t)+

Et

η2
ei(kz−ω2t),

(2.5)
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where ω2 = k/
√

ε2µ2 and η2 =
√

µ2/ε2. The field here contains two parts: one with a positive
frequency ω2 and the other with a negative frequency −ω2. The negative frequency simply means
that this part of the field propagates in the backward direction. In order to satisfy the temporal
boundary conditions, the relation between the electric fields before and after the switching can be
derived: 

Er =
1
2

(
ε1

ε2
−
√

ε1µ1

ε2µ2

)
E0

Et =
1
2

(
ε1

ε2
+

√
ε1µ1

ε2µ2

)
E0

(2.6)

Since the field Er associated with a negative frequency propagates in the backward direction, this
wave is called the temporal reflected wave. The field Et is called the temporal refracted wave since
it continues to propagate in the forward direction. Eq. (2.6) thus gives the reflection and refraction
coefficients in the temporal case. It is worth noting that both the reflected and refracted waves
experience frequency shifts from the incident frequency. This frequency shift is a direct result of
the temporal boundary breaking the time-translational symmetry of the system.

Although we have just derived the frequency shifts for the temporal reflection, there is an in-
tuitive way to show this kind of phenomenon graphically. It turns out that the resulting picture
is useful in more general situations, applicable to the reflection of a spatial boundary, a temporal
boundary, or a moving boundary. We know that a wave propagating in a medium satisfy the disper-
sion relation, which is a relation between its wave-vector and its frequency. For a 1-dimensional
wave propagating in a non-dispersive medium, the dispersion relation is: ω =±k/

√
εµ . The two

signs correspond to two directions of propagation. In a graph with ω and k as the two axes, these
dispersion relations form two straight lines. Now, consider we have two media separated by some
kind of boundary, we would have two sets of dispersion relations, or four lines as shown in Fig.
2.1 (c) and (d) for the spatial and temporal boundaries shown in part (a) and (b). Here, the blue
lines are the dispersion lines of the medium that the incoming wave is in. The red lines are the
dispersion of the medium on the other side of the boundary.

To analyze how the scattering at a boundary works, we first consider a spatial boundary, shown

Figure 2.1: This figure is from [1]. (a) and (b) are the schematics showing a spatial reflection and a
temporal reflection. (c) and (d) show the dispersion relations of the medium and how the boundary
transfer the input wave to the reflected and transmitted waves.
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in Fig. 2.1 (a) and (c). As we are all familiar, the spatial boundary does not change the frequency
of light. In other words, the frequency of the reflected and transmitted light will have the same
frequency as the input light. Suppose we mark down the incident wave on the dispersion diagram
as in Fig. 2.1 (c), where the white circle stands for the incident wave. The reflected wave and
transmitted wave need to have the same ω . Thus, we simply draw a horizontal line in this diagram,
which intersects with both the blue and red dispersion lines, giving 3 crossings. However, only two
intersections are physically allowed (the green circles). The intersection with the blue line’s back-
ward branch stands for the reflected wave. This is consistent with our experience that a reflected
wave should travel backwards, and should remain in the medium that the incident wave comes
from. The intersection with the red line gives two intersections, but only the intersection with the
forward branch is allowed, which gives the transmitted wave. The intersection with the backward
branch is not allowed because an incident wave (that travels towards the boundary) cannot excite a
wave on the other side of the boundary that travels towards the boundary. Also see Fig. 2.1 (a) for
clarity, there should be no red arrow pointing to the left.

On the other hand, for a temporal boundary, the wave-vector k is now conserved while the
frequency is not. Thus, if we want to find the reflected and refracted waves, we need to draw a
vertical line and find the intersections as done in Fig. 2.1 (d). This also gives us three intersections.
However, in this case, the intersection with the blue line’s backward branch is forbidden. This
comes from the causality consideration. In the case of a temporal boundary, before the switching,
only the incident field exists. A temporal boundary cannot affect the incident field since it happens
before the temporal boundary. Thus, in this case, both the reflected and refracted wave exist on the
other side of the boundary (green circles in the figure), which is different from the spatial reflection
case.

The graphical way of representing the scattering process on the dispersion diagram provides
important physical intuitions other than predicting the frequency and wave-vectors of the reflected
and transmitted waves. If we take a closer look at the spatial reflection case shown in Fig. 2.1 (c),
we can interpret the reflection and refraction as the coupling from the incident state (white circle)
to the reflected and transmitted state (green circle). The reflected wave apparently has a larger
wave-vector shift from the incident wave. This wave-vector difference comes from the sharp edge
of the spatial boundary. It is natural to expect that the edge needs to be sharp enough compared to
this wave-vector difference. In other words, if the boundary is not an ideal step-function boundary,
but has some spatial extent, this spatial extent needs to be small compared to the wavelength of the
wave, so that the reflection can be significant. If the boundary is smooth such that its spatial extent
covers many wavelengths of the wave, the reflection will be insignificant. In practice, the spatial
boundaries between different materials are indeed very sharp compared to the optical wavelength,
and indeed we have significant reflections from those boundaries.

Let us now turn to the temporal case. By analogy with the spatial case, the reflected wave has
a large frequency shift from the incident wave, as shown in Fig. 2.1 (d). Note that when evaluating
this frequency shift, the reflected wave frequency needs to be taken as negative, as was done in Eq.
(2.5). Then, we expect that if the temporal boundary is not an ideal step-function boundary, but it
has some rise time, this rise time needs to be small compared to the optical oscillation period in
order for the reflection to be significant. This is a key challenge in realizing the temporal reflection
experimentally. It is very hard to modulate a material’s refractive index at such high speed, and
also with a significant index change. The current experimental works are achieved in the low-
frequency regions, using the water waves [13], RF waves [14, 15] or cold atoms [16]. For optical
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waves, only temporal refractions have been observed in epsilon-near-zero materials [17, 18], which
takes advantage of a large relative index change.

Here, I have provided a very basic introduction to the temporal reflection effect. A large amount
of work has been done in this area. For example, the treatment of dispersion in a time-dependent
medium has been considered by Solı́s et al. [30] and Hayran et al. [31]. The quantum optical
formalism of temporal reflection has also been discussed by Mendonça et al. [11] and Prain et
al. [12], showing that such temporal reflection can produce entangled photon pairs (in the forward
and backward direction) from the vacuum. Further, the idea of using periodic temporal modulation
to form a photonic time crystal has been a hot research topic [6, 7, 8, 9]. There are also some
excellent reviews on the topic of photonics of a time-varying medium [1, 2, 3].

2.3 Moving Boundary and Dispersion
In this section, we discuss the phenomena that can happen in the case of a moving boundary, while
including the effects of material dispersion.

In the previous sections, we focused on two types of boundaries: a spatial boundary and a
temporal boundary. In fact, these two boundaries are special cases of a moving boundary. Suppose
the medium is being modulated by some kind of external traveling wave moving with velocity vb,
then the medium refractive index can be expressed as:

n(z, t) = n
(

t − z
vb

)
. (2.7)

A spatial boundary can be obtained by setting vb = 0, while a temporal boundary can be obtained
by setting vb = ∞.

Suppose we have an electromagnetic wave traveling in the medium but with a speed different
from vb. This wave is referred to as the incident wave. Then, the incident wave can collide with
the moving boundary. The interesting question is then, what kind of waves would be generated
after the wave has interacted with this moving boundary? This case is different from the purely
spatial and temporal boundaries because the moving boundary breaks both the spatial and temporal
translational symmetry. As a result, we would expect that both the wave-vector and frequency
are not conserved during the interaction. Instead, we need to consider the boundary conditions,
meaning that some quantities need to remain continuous across the boundary. In fact, for the
case of a moving boundary, the boundary condition needs to be modified from those used for a
purely spatial or temporal boundary [32]. However, the exact forms of the boundary conditions are
unimportant if we only wish to calculate the frequencies and wave-vectors of the waves generated
from the incident wave colliding with the moving boundary.

For an incident plane wave (with wave-vector ki and frequency ωi), the waves generated from
the collision are also plane waves. We denote that the generated waves have wave-vectors k j
and frequency ω j. Here j is a subscript to denote different generated waves. Thus, all the field
quantities (such as electric field and magnetic field) associated with the plane wave j must be
proportional to ei(k jz−ω jt). The boundary condition requires that, along the moving boundary,
some field quantities need to be continuous across the boundary. This must be true for every point
on the moving boundary. Since the field quantities of each wave are proportional to ei(k jz−ω jt),
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Figure 2.2: Schematic of temporal reflection on a moving boundary with dispersive medium. Both
sides are assumed to be dispersive in this figure.

we need to make sure that the phase differences of the different waves must remain the same all
along the boundary, otherwise, the boundary condition is impossible to satisfy at every point on
the boundary. This is true both for the waves that are generated on the same side of the boundary
as the incident wave, or the waves the are generated on the other side.

We now consider the phase difference between the incident wave and the wave j. The require-
ment of the phase difference being constant along the boundary can be written mathematically in
the following way:

d(kiz−ωit) = d(k jz−ω jt), for dz = vbdt (2.8)

After simplification, we obtain the following relation:

ωi −ω j

ki − k j
= vb (2.9)

This relation is called phase continuity relation [4]. It is very powerful because it applies to bound-
aries moving at any velocity, with any arbitrary boundary profile, and it also applies to boundaries
formed in a dispersive medium. We can easily check that the phase continuity leads to both the
frequency conservation in the spatial boundary case, as well as the wave-vector conservation in the
temporal boundary case when setting vb to 0 and ∞ respectively.

Using the phase continuity relation, we can qualitatively understand the temporal reflection, as
suggested by Plansinis et al. [19]. Consider that we have a dispersive medium, and within this
medium, we create a moving boundary of index change by applying some external modulation.
Then, a light pulse in the medium, traveling at some velocity different from this moving boundary,
can collide with the boundary. It was found that, if the boundary velocity is close to the speed of
light in this dispersive medium, a different kind of reflection can take place. This phenomenon
is shown in Fig. 2.2. An incident pulse, traveling faster than the moving boundary, collides with
the boundary. After hitting the boundary, the incident pulse splits into two pulses. One pene-
trates through the boundary, which we call the transmitted pulse. However, the other one does not
penetrate through the boundary and it can be thought of as a reflected pulse. The reflected pulse,
however, is very different from the temporal reflection in Section 2.2. Here, the reflected pulse
still travels in the forward direction, but it slows down so that it moves slower than the boundary.
Such an effect is impossible to achieve in a non-dispersive medium, because light can only travel
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at the same speed. Here, the reflected pulse has a frequency shift that slows it down because of the
medium’s dispersion.

We can also analyze this phenomenon with the help of the dispersion diagram and the phase
continuity relation in Eq. (2.9). Fig. 2.3 shows this graphically. The physical picture shown in
Fig. 2.2 corresponds to Fig. 2.3a. The blue curve represents the dispersion relation of the medium
that the incident pulse is in. The red curve is the dispersion on the other side of the boundary. To
find the transmitted and reflected waves, we first draw the point that corresponds to the incident
wave, as shown by the black circle. Then, from Eq. (2.9), we draw a line that has a slope equal
to the velocity of the boundary vb, which is the dashed line in this figure. Next, we find the
intersection of this line with the dispersion curves on both sides of the boundary, giving us in total
of 3 intersections. Only two intersections are physically allowed, which are shown by the green
circles. The intersection with the original dispersion curve (blue one) is the solution of the reflected
wave. As we can see from the figure, it still lies on the forward-moving branch, and also its group
velocity (dω/dk) is smaller than the boundary velocity vb. These are consistent with the sketch
Fig. 2.2. The green circle on the red curve gives the transmitted wave since it lies on the other side
of the boundary. The other intersection of the dashed line with the red curve is unphysical since it
corresponds to a wave that is traveling slower than the boundary, yet it needs to exist in the blue
region in Fig. 2.2. This wave cannot be excited by the incident light given here.

Although this reflection process really involves a spatial-temporal boundary, the author or Ref.
[19] still referred to it as a temporal analog of reflection of optical beams, or temporal reflection for
short. Thus, I will also use the term temporal reflection for this process. However, it is important
to know the difference between this type of temporal reflection with the one that really involves a
purely temporal boundary.

In the second type of temporal reflection, there is one phenomenon that is not possible for the
reflection at a purely temporal boundary. If the index change created by the moving boundary is
large enough, it is possible to achieve a temporal analog of total internal reflection. As shown in
Fig. 2.3b, there is no intersection of the dashed line with the red curve. In this situation, the wave

(a) (b)

Figure 2.3: Phase continuity relation for moving boundary inside dispersive medium. The blue
curve represents the dispersion relation of the medium that the incident pulse is in. The red curve
is the dispersion on the other side of the boundary. (a) small index change, transmitted wave exists.
(b) large index change, no transmitted wave.
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on the other side of the boundary is evanescent, similar to the total internal reflection on a glass-air
interface.

Experimentally, it is much easier to achieve the second type of temporal reflection than the one
involving a purely temporal boundary. The main reason is that the index change required is small
and the boundary does not need to be sharp compared with the optical oscillation frequency. This is
because of the possibility of total reflection as shown in Fig. 2.3b. It was estimated in [19] that an
index change on the order of 10−7 was enough to achieve a total reflection with a large frequency
shift of a few THz. Furthermore, when the index change is large enough for total reflection,
the reflectivity would always be 1 regardless of the boundary’s sharpness. This is because no
transmitted state is allowed on the other side of the boundary, so light must be reflected completely,
even when the boundary is not sharp. These two reasons show that the extreme requirement of the
modulation speed and strength in the case of a purely temporal boundary is not present in this
second type of temporal reflection. This is the reason I focused on this type of temporal reflection
during my PhD research. From now onward, the term temporal reflection will almost exclusively
refer to the type that involves the formation of a moving boundary inside a dispersive medium.

2.4 Pulse Propagation in Optical Fibers
To realize the temporal reflection in practice, silica fibers are commonly used because they exhibit
both chromatic dispersion and Kerr nonlinearity. In fact, the phenomenon was first studied in
optical fibers as an optical analog of the event horizon of a black hole [20, 21, 22, 33]. For this
reason, we discuss the theory of nonlinear pulse propagation in optical fibers in this section.

Optical fibers are waveguides that confine light inside their central core through total internal
reflection. An important concept for any waveguide is the mode, which is a specific form of
the transverse field distribution that can maintain its shape as it propagates along the waveguide
[34]. Usually, only a finite number of modes are supported by a particular waveguide at a specific
wavelength of operation. In my research, I focused on achieving temporal reflection in a single-
mode waveguide. In a single-mode fiber, the wave propagation is very similar to that of plane
waves, making the problem much simpler mathematically.

Here, we consider optical pulses linearly polarized in the x-direction and propagate in the z-
direction. The electric field can be written in the form:

E(r, t) =
1
2

x̂
{

F(x,y)A(z, t)exp[i(β0z−ω0t)]+ c.c.
}
. (2.10)

We can separate the transverse profile F(x,y) of the mode with its longitudinal profile A(z, t),
since we assume that the fiber supports a single mode. We assume that the mode profile does
not change much within the bandwidth of the pulse. The rapid oscillation structure of the field is
separated out by the factor exp[i(β0z−ω0t)], which represents the carrier wave of the pulse. ω0 is
a reference frequency (should be close the the central frequency of the pulse’s spectrum), and β0
is the propagation constant of the fiber at the reference frequency ω0. The propagation constant
serves the same role as the wave-vector k discussed in Section 2.3. The pulse shape is governed by
the envelope function A(z, t), which should vary much more slowly compared to the optical period
2π/ω0. In general, the propagation of pulses inside an optical fiber is governed by the following
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equation [28]:
∂A
∂ z

+
∞

∑
n=1

in−1

n!
βn

∂ nA
∂ tn +

α

2
A = N[A], (2.11)

where the coefficients βn = dnβ

dωn

∣∣∣
ω0

are the dispersion parameters of the fiber. In practice, we

perform a polynomial fitting of the measured dispersion relation so that the summation over n is
limited to a few terms. α represents the attenuation of the waveguide. On the right side of the
equation, N[A] stands for a nonlinear operator on the pulse shape. It depends on the specific type
of nonlinearity that affects the propagation of the pulses.

First, it is important to develop some physical intuition for this pulse propagation equation. If
the nonlinearity is weak enough that it can be neglected, then Eq. (2.11) can be solved easily in
the frequency domain, which leads to the solution:

Ã(z,ω) = Ã(0,ω)exp[−αz
2

+ i
( ∞

∑
n=1

βn

n!
ω

n)z]. (2.12)

Here, the Ã(z,ω) = 1
2π

∫
∞

−∞
A(z, t)exp(iωt)dt is the Fourier transform of the pulse shape. Using the

relation between the electric field and the envelope function in Eq. (2.10), we obtain the electric
field in the frequency domain:

Ẽ(r,ω) =
x̂
2

F(x,y)exp(iβ0z)Ã(z,ω −ω0)

=
x̂
2

F(x,y)Ã(0,ω −ω0)exp[−αz
2

+ i(β0 +
∞

∑
n=1

βn

n!
(ω −ω0)

n)z]

=
x̂
2

F(x,y)Ã(0,ω −ω0)exp[−αz
2

+ iβ (ω)z], (2.13)

which shows that the electric field with frequency ω propagates with a propagation constant
β (ω) = β0 +∑

∞
n=1

βn
n! (ω −ω0)

n, which is what one expects. This means that the terms on the
left side of Eq. (2.11) simply describe the linear propagation of the pulses, including the effect
of dispersion and losses. In this derivation, we assumed that the envelope A(z, t) has a narrow
frequency bandwidth such that the Fourier transforms of the two terms in Eq. (2.10) do not overlap
in the frequency domain. This assumption almost always holds for optical fields. For a hyperbolic
secant pulse centered at 800 nm with a temporal FWHM of 30 fs, we can find that the total energy
of the spectral component that gets overlapped with the other side contains only about 10−54 of the
total energy. This is completely negligible.

When the pulse intensity is large enough, nonlinear effects must be taken into account, which
modifies the pulse propagation equation through the operator N[A]. In the case of materials pos-
sessing centro-symmetric structures, or amorphous structures, the lowest-order nonlinear effect is
the third-order nonlinearity. In the presence of third-order nonlinearity, the electric flux density D
in Eq. (2.1), in the linearly polarized case, can be written as:

D = εE +Pl +Pnl = ε0(1+χ
(1))E + ε0χ

(3)E3, (2.14)

where χ(n) is the n-th order susceptibility of the medium. The linear susceptibility determines the
refractive index of the medium: n0 =

√
1+χ(1). If we represent the field as was done in Eq.
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(2.10), we can write the nonlinear polarization with the third order nonlinearity in the form:

Pnl =
ε0χ(3)

8

{
F3(x,y)A3(z, t)exp[i(3β0z−3ω0t)]

+3|F(x,y)|2|A(z, t)|2F(x,y)A(z, t)exp[i(β0z−ω0t)]+ c.c.
}
, (2.15)

In this equation, we have a component that oscillates at the frequency of 3ω0, which in principle
can excite a third harmonic wave. However, this process requires a phase-matching condition [27],
which is generally not satisfied. Thus, we can safely neglect this term and only keep the term that
oscillates at frequency ω0. For this second term, we can write it more compactly by using the
connection of the electric field with the intensity:

Pnl =
3χ(3)

2n0c
IE (2.16)

with the intensity given as I(r, t) = 1
2n0ε0c|F(x,y)|2|A(z, t)|2. This should be the instantaneous

intensity of the field, averaged over multiple optical cycles, but the averaging time is small com-
pared to the time scale of the envelope function A. In the expression above, we can see that the
nonlinear polarization has a similar form as the linear polarization, but the susceptibility now has
a dependence on the field intensity. Thus, effectively, we have:

χe f f = χ
(1)+

3χ(3)

2n0ε0c
I (2.17)

This effective change of the susceptibility leads to an effective refractive index of the medium:

ne f f =
√

1+χe f f

=

√
1+χ(1)+

3χ(3)

2n0ε0c
I

=

√
1+χ(1)×

√
1+

3χ(3)

2(1+χ(1))n0ε0c
I

≈
√

1+χ(1)× (1+
3χ(3)

4(1+χ(1))n0ε0c
I)

= n0 +
3χ(3)

4n2
0ε0c

I

= n0 +n2I, (2.18)

where we define a nonlinear refractive index as n2 = 3χ(3)

4n2
0ε0c

. Thus, the third-order nonlinearity
creates an effective change in the refractive index, which is proportional to the intensity of the
field. The nonlinear refractive index of silica glass is about 2.6×10−20 m2/W [28].

Since the instantaneous intensity of the field can modify the refractive index of the medium, and
also modify the propagation constant of the mode, the nonlinear term on the right-hand side of Eq.
(2.11) should take the form of i∆β (t)A. And the propagation constant change ∆β (t) is determined
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by the instantaneous intensity of the field. To evaluate the change of the propagation constant
from the nonlinear refractive index, one can use the first order perturbation theory. To see this, we
can first write the eigenvalue equation that the mode F(x,y) satisfies. Under the weakly-guided
approximation, the mode profile satisfies:

β
2(ω0)F =

∂ 2F
∂x2 +

∂ 2F
∂y2 +n2(ω0,x,y)

ω2
0

c2 F, (2.19)

where β is the propagation constant of the mode and n(ω0,x,y) is the local refractive index. Eq.
(2.19) is analogous to the eigenstate problem in quantum mechanics, with the refractive index
distribution playing the role of the potential. When the refractive index is changed because of the
optical Kerr effect from the intensity of the pulse, this change leads to a perturbation of Eq. (2.19).
Using first-order perturbation theory in quantum mechanics [35], the eigenvalue β 2 needs to be
corrected with the following expression:

(β +∆β )2 −β
2 =

2ω2
0

c2

∫
n∆n|F(x,y)|2dxdy∫
|F(x,y)|2dxdy

(2.20)

where ∆n(x,y) = n2I(x,y) is the perturbation of the refractive index. The refractive index n ≈ n0
has only a weak dependence on the transverse position (x,y), thus it can be taken out of the integral.
The change in the propagation constant ∆β is then given by (to the first order of the perturbation):

∆β =
ω2

0 n0

c2β

∫
∆n|F(x,y)|2dxdy∫
|F(x,y)|2dxdy

≈ ω0

c

∫
∆n|F(x,y)|2dxdy∫
|F(x,y)|2dxdy

(2.21)

Usually, one would prefer to work in the unit where the field envelope A is defined such that the
|A|2 equals the instantaneous power of the light in the mode. Using this convention, the local,
instantaneous intensity is given by:

I(x,y,z, t) =
|F(x,y)|2∫

|F(x,y)|2dxdy
|A(z, t)|2. (2.22)

Since the change of index is given by ∆n(x,y) = n2I(x,y), substituting Eq. (2.22) into Eq. (2.21),
the nonlinear term in Eq. (2.11) is given by:

N[A] = i∆βA = iγ(ω0)|A|2A = i
ω0n2

cAe f f
|A|2A (2.23)

We defined another coefficient γ(ω0), which is called the nonlinear coefficient of the waveguide.
Ae f f is defined as the effective area of the mode, with the expression:

Ae f f =
(
∫ ∫

|F(x,y)|2dxdy)2∫ ∫
|F(x,y)|4dxdy

(2.24)

Combining Eq. (2.11) and Eq. (2.23) allows us to solve for the pulse propagation dynamics with
some given input pulse shape A(z = 0, t). This is usually done numerically.
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I would like to comment on the derivation of ∆β above. Essentially, we start from an eigen-
value equation Eq. (2.19), and use perturbation theory to calculate the change of the propaga-
tion constant using perturbation theory. The eigenvalue equation is obtained by assuming that
the field is monochromatic, which is not true for the study of pulse propagation. The justifica-
tion for the derivation above is that we assumed that the pulse envelope varies much more slowly
compared to the optical oscillation cycle. Thus, the derivation above is performed using the quasi-
monochromatic assumption, since the change of ∆n = n2I is slow compared to the optical cycle.

We should comment on the physical significance of Eq. (2.23). This term adds a nonlinear
phase shift to the pulse. The amount of phase shift depends on the pulse’s instantaneous power.
For this reason, this effect is often called self-phase modulation. The time-dependent phase created
by the self-phase modulation usually results in a spectral broadening of the pulse.

The self-phase modulation term in Eq. (2.23) assumes that the third-order nonlinear response
of the medium is instantaneous. This is typically true for the medium’s response that comes from
the motion of bound electrons. However, another significant contribution comes from molecu-
lar vibrations in the medium. These molecular vibrations will provide a delayed response, which
turns out to describe the phenomenon of Raman scattering. Raman scattering is an inelastic scat-
tering effect, that can transfer light from a high frequency to a low frequency, or equivalently, the
low-frequency component of a pulse experiences a gain from the presence of a high-frequency
component. This gain has been measured experimentally as a function of the frequency offset be-
tween the two fields [36]. The gain spectrum was used to deduce a response function of the Raman
effect, which can be used for modeling pulse propagation in the presence of Raman effect.

Here, I would not go into details of the derivation of the Raman effect’s modeling. For details,
the reader can turn to Chapter 2 of Ref. [28]. The most general form of the nonlinear operator that
goes into the pulse propagation equation is given by:

N[A](z, t) = iγ(ω0)
(

1+
i

ω0

∂

∂ t

)(
(1− fR)|A(z, t)|2A(z, t)

+ fRA(z, t)
∫

∞

0
hR(t ′)|A(z, t − t ′)|2dt ′

)
(2.25)

The expression looks complicated, but we can understand the physical origin of each term. First,
we have a nonlinear coefficient γ(ω0), which comes from the Kerr effect that we derived earlier.
The second term in the first bracket containing a time derivative is a correction because the non-
linear coefficient is in general a function of the frequency, and needs to be modified when the
pulse bandwidth is large. This term leads to the effect of self-steepening, which is a mechanism
that changes the pulse’s group velocity based on the intensity, leading to the formation of a steep
edge in the pulse shape [37, 38, 39]. In the second bracket, we have two terms that can both be
interpreted as the index change of the medium caused by the field intensity. The first term is an
instantaneous index change, which comes from the response of bound electrons, as discussed ear-
lier. The second term comes from the molecular contribution, which is non-instantaneous. It is the
convolution of the field intensity with a response function hR(t). The response function is causal,
meaning that hR(t < 0) = 0. For regular silica glass, the response time is on the order of 20-30
fs. For pulses much longer than this time scale, this part of the response can also be regarded as
instantaneous.

The response function hR(t) was determined experimentally by measuring the Raman gain
spectrum. There are several approximate formulas that mimic the experimental results [40, 41, 42].
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Throughout this thesis, the response function used in the simulations is given by [42]:

hR(t > 0) =(1− fb)(τ
−2
1 + τ

−2
2 )τ1 exp

(
− t

τ2

)
sin
( t

τ1

)
+ fb

2τb − t
τ2

b
exp
(
− t

τb

)
(2.26)

The parameters in this model are: τ1 = 12.2 fs, τ2 = 32 fs, τb = 96 fs, fR = 0.245, fb = 0.21. Fig.
2.4 shows this response function.

Eq. (2.11), combined with Eq. (2.25) and Eq. (2.26) gives us a complete mathematical model
for the simulation of pulses propagating inside optical fibers. However, since the pulse propagates
at the speed of light in the fiber, it is important to define a reduced time in the following expression:

τ = t −β1z, (2.27)

where β1 is the inverse of the group velocity of the mode at ω0. The time τ is the reduced time.
Using τ as the variable for time, we obtain the following equation for the pulse propagation:

∂A
∂ z

+
∞

∑
n=2

in−1

n!
βn

∂ nA
∂τn +

α

2
A = N[A](z,τ) (2.28)

The only change is that the β1 term is eliminated from the equation. The form of the nonlinear
operator remains the same since this operator is time-invariant of the input. Eq. (2.28) is the main
tool that we used for simulating propagation of pulses in optical fibers.

2.5 Numerical Techniques

The equation that we wish to solve is Eq. (2.28), with a given initial condition A(z = 0,τ). There
are many ways to handle this problem. For example, the split-step Fourier method is widely used

Figure 2.4: Raman response function given by Eq. (2.26).
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[28]. During my research, I preferred another method called the 4-th order Runga-Kutta method
[43], which is conveniently packaged in MATLAB. Most of the simulations were performed based
on the Rung-Kutta method.

Runga-Kutta method is a numerical scheme for integrating a set of ordinary differential equa-
tions, from its initial condition. To use this method for solving the pulse propagation equation, we
need to discretize the partial differential equation into a set of ordinary differential equations. We
found that this is more easily handled in the frequency domain, as the dispersion operators become
multiplicative in this domain.

We perform Fourier transform on both sides of Eq. (2.28). Note that this Fourier transform is
with respect to the reduced time τ . We obtain:

∂ Ã(z,ω)

∂ z
− i

∞

∑
n=2

βn

n!
ω

nÃ(z,ω)+
α

2
Ã(z,ω) = F{N[A]}(z,ω). (2.29)

It is worth noting that the Fourier domain amplitude Ã is not equal to the one that we used before,
where we performed the Fourier transform with respect to the actual time t.

The equation above can be further simplified by introducing a different variable:

B̃(z,ω) = Ã(z,ω)exp
[(α

2
− i

∞

∑
n=2

βn

n!
ω

n)z] (2.30)

Then, we can rewrite the propagation equation in terms of B̃:

∂ B̃(z,ω)

∂ z
= F{N[A]}(z,ω)exp

[(α

2
− i

∞

∑
n=2

βn

n!
ω

n)z] (2.31)

Without nonlinearity, B̃ would be stationary. This form of the equation is more easily handled by
the differential equation solvers because it removes the fast oscillatory phase (with respect to z) of
Ã.

To actually solve the equation numerically, we can discretize the time-axis by sampling within
a time window uniformly. This automatically gives us a sampling in the frequency domain, using
the algorithm of fast Fourier transform. Thus, the partial differential equation has been transformed
into a set of coupled ordinary differential equations for B̃(z,ωi), with i = 1,2, ...,N, and N is the
number of sampling points. The right-hand side of Eq. (2.31) can be evaluated numerically, by
transforming B̃(z,ω) into A(z, t), and the nonlinear terms are more efficiently evaluated in the time
domain. There are many solvers available that can solve for this kind of equation. In my PhD
research, I mostly used the function ode45 of MATLAB, which uses an explicit Runga-Kutta (4,5)
formula and has the capabilities for adaptive step size adjustment.
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Chapter 3

Temporal Reflection Analysis

In this chapter, I provide some analytical and semi-analytical treatments for the temporal reflection
in a dispersive medium from a moving boundary. Hopefully, it would provide some intuition of
this effect.

3.1 Modeling of a Temporal Boundary
The problem we are considering is already discussed qualitatively in Section 2.3: a pulse is travel-
ing inside a dispersive medium. We apply some external traveling wave modulation, that changes
the index of the medium, forming a moving boundary. We consider only a 1-dimensional problem
and assume that this index change takes the following form:

∆n(z, t) = ∆n(t − z/vb). (3.1)

The index change creates a boundary traveling at the velocity vb. In this chapter, we assume that
this boundary of index change remains the same shape during propagation. Usually, the index
profile ∆n is constant for t very large or very small. There is a finite transition region where the
index change actually takes place. Therefore, we can interpret that this index change creates a
boundary of some shape that separates two homogeneous regions.

When the index change is not too large, the interaction of the pulse with the boundary becomes
easy to model. In this case, the primary effect of the boundary to the pulse is a phase modula-
tion. Taking the analogy with the self-phase modulation term Eq. (2.23), we can write the pulse
propagation equation as:

∂A
∂ z

+
∞

∑
n=1

in−1

n!
βn

∂ nA
∂ tn +

α

2
A = iB(t − z/vb)A. (3.2)

We used the same form of the pulse propagation equation as in Eq. (2.11). The nonlinear term
is replaced by the phase modulation term caused by the moving boundary. B = ω0∆n/c is the
change of propagation constant induced by the index change. We will neglect the dispersion that is
higher than second order, and also neglect the medium’s attenuation. Also, it is useful to redefine
a reduced time:

τ = t − z/vb, (3.3)
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so that the arrival time of the boundary in this frame is the same at different positions. Using τ as
the time variable, the pulse propagation equation can be written:

∂A
∂ z

+∆β1
∂A
∂τ

+
iβ2

2
∂ 2A
∂τ2 = iB(τ)A, (3.4)

where ∆β1 = β1(ω0)− 1/vb = 1/vg(ω0)− 1/vb, representing the difference between the inverse
of the group velocity of the medium at reference frequency ω0 and that of the moving boundary.

It is worth noting that the reference ω0 is just an arbitrary frequency that should be close to the
actual frequency of the light pulse, such that the Taylor expansion of the dispersion relation at ω0
makes sense. We will see later how one can choose ω0 such that the analysis becomes easier. We
would also only be discussing the case of β2 > 0, since the method here can be applied in the same
way to the case of β2 < 0.

First, we present a numerical solution of Eq. (3.4) from Ref. [19], to develop some under-
standing of the phenomenon. In this simulation, an ideal step-like boundary is assumed by taking
B(t) to be a Heaviside step function. Fig. 3.1 shows the result. In the reference frame that we use
here, the boundary is essentially purely temporal. An incident pulse is sent from one side, which
interacts with the boundary and splits into two pulses, a reflected pulse and a transmitted pulse.
We can see that in the spectral domain, both pulses are spectrally shifted from the incident pulse.
Note that this figure demonstrates the same physics as the sketch showed in Fig. 2.2. The only
difference is that here, we are employing a coordinate transformation Eq. (3.3), so that in Fig. 3.1,
the boundary appears to be purely temporal. We call this new coordinate a moving frame. We
stress that the reflected pulse is not moving backward (one might think so from Fig. 3.1) because
the results are shown in a moving frame. Rather, the incident pulse splits into two parts moving at
different speeds such that the reflected part never crosses the boundary.

Figure 3.1: Simulation of Eq. (3.4) from [19]. This shows the evolution of an incident pulse inter-
acting with a moving boundary. Top: evolution of the temporal pulse shape. Bottom: evolution of
the spectral shape. The white dashed line is the boundary.



CHAPTER 3. TEMPORAL REFLECTION ANALYSIS 20

3.2 Two Analogies
As we discussed previously, the ω0 is just some reference frequency to define the pulse envelope,
the actual value of this frequency has some arbitrariness. We can choose ω0 such that the group
velocity at this frequency is equal to the velocity of the moving boundary. In this case, ∆β1 = 0
should be satisfied in Eq. (3.4). This simplifies the equation and leads to:

∂A
∂ z

+
iβ2

2
∂ 2A
∂τ2 = iB(τ)A, (3.5)

Here, it is instructive to discuss two kinds of analogies that we will use to understand this physical
effect. First, we recall that in 1 dimension, the paraxial scalar wave diffraction equation has the
following form:

∂U
∂ z

− i
2k

∂ 2U
∂x2 = 0. (3.6)

Here U is the beam’s envelope. This equation describes the diffraction of beam in free space, or
homogeneous medium, and the propagation direction is z and k is the wave-vector in the medium.
If there are also some small index variations in the medium, the equation can be modified:

∂U
∂ z

− i
2k

∂ 2U
∂x2 = i∆n(z,x)k0U. (3.7)

It is clear that this equation has the same mathematical form as Eq. (3.5). This suggests an analogy
between the physics of beam propagation with pulse propagation. Comparison between Eq. (3.5)
with Eq. (3.7) suggests that the pulse propagation is analogous to the beam diffraction (left-hand
side of the equation) while the interaction of the pulse with a moving boundary is analogous to the
interaction of a beam with a spatial boundary of index change. Such analogy is called space-time
duality and it was first discovered in the 1960s [44, 45, 46]. This idea is useful because we can now
use the results of the more familiar beam propagation to predict and understand the phenomenon
that happens for pulse propagation. There are a number of techniques developed based on this
idea, such as frequency to time conversion [47, 48, 49] and time lens [50, 51, 52, 53].

A second analogy to make is that Eq. (3.5) also has the same form as Schrödinger’s equation
in quantum mechanics, with B(τ) playing the role of a potential. This allows us to treat the effect
of temporal reflection as the analog of quantum scattering in 1-dimension.

3.3 Step-like Boundary
We first analyze the effect when with an ideal step-like boundary. This can be modeled by taking
B(τ) = βBH(τ), and H(τ) is the Heaviside step function that takes the value 1 when τ is positive,
and 0 when τ is negative. The boundary is assumed to be sharp in this case.

To analyze the temporal reflection of an incident light pulse on this boundary, as shown in Fig.
3.1, we use the analogy of this problem with quantum mechanics. As this problem is analogous to
the quantum mechanical scattering of a particle wave on a sharp boundary, we can use the method
in the quantum problem [54].
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First, we search for the solution of the ”time-independent Schrödinger’s equation”. In our case,
we write the solution as A(z,τ) = exp(iβ ′z)AT (τ). This is possible because equation Eq. (3.5) has
translational symmetry in z. Notice that this can be interpreted as the wave-vector conservation in
the moving frame. It can be shown that it is equivalent to the phase continuity relation Eq. (2.9)
viewed in the laboratory frame. We write the solution for AT (τ) as:

AT (τ) =

{
e−iδτ +Re−iδrτ , for τ < 0

T−iδtτ , for τ > 0.
(3.8)

Physically, this solution describes an incident plane wave from τ < 0 side towards the mov-
ing boundary. The reflection from this boundary results in a reflected wave and a transmitted
wave, with amplitudes R and T . Notice that when β2 > 0, we require that δ > 0 from Eq.
(3.8) so that the incident wave has a group velocity that travels slower than the boundary. Since
A(z,τ) = exp(iβ ′z)AT (τ) satisfies Eq. (3.5), each plane wave component should satisfy the disper-
sion relation of the medium that it propagates in. This leads to the following equation:

β
′ =

β2δ 2

2
=

β2δ 2
r

2
=

β2δ 2
t

2
+βB. (3.9)

We can obtain the relation between the frequencies of the three waves:

δr =−δ , δt =

√
δ 2 − 2βB

β2
. (3.10)

The signs of δr and δt are chosen such that the reflected and transmitted waves are both traveling
away from the boundary.

To find the coefficients R and T , we match the boundary condition at τ = 0 so that both AT and
∂AT/∂τ are continuous across the boundary. This must be true to avoid infinity in Eq. (3.5). By
evaluating AT and ∂AT/∂τ on two sides of the boundary with AT given by Eq. (3.8) and making
them continuous, we obtain two equations involving R and T . The solution is given by:

R =
δ −

√
δ 2 −2βB/β2

δ +
√

δ 2 −2βB/β2

T =
2δ

δ +
√

δ 2 −2βB/β2
(3.11)

Fig. 3.2 shows the reflection and transmission coefficients at the sharp boundary as a function
of input frequency offset ∆ν = δ/(2π) from the group velocity matching frequency ω0. The
parameters used here are: β2 = 5 ps2/km and βB = 0.5 m−1. This corresponds to an index change
of only 8× 10−8 if the wavelength is at 1 µm. A larger ∆ν stands for a larger group velocity
mismatch. As we can see, for δ <

√
2βB/β2, the transmitted field frequency becomes imaginary,

meaning that there is no transmitted wave. In this region, the reflectivity is 1 and the transmission
coefficient has no clear physical meaning. This is the temporal analog of total internal reflection.
When the group velocity mismatch becomes large enough, the total reflection condition does not
hold, and then the reflectivity decreases rapidly as the group velocity mismatch becomes even
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Figure 3.2: Frequency dependence of the reflection and transmission coefficients. Solid and dashed
curves show, respectively, the modulus and phase of these two quantities.

larger. It is important that such a small index change is able to induce a large frequency shift
through temporal reflection.

The preceding discussion applies to each specific frequency component of a pulse. We can use
it to study how an incident pulse gets reflected and transmitted at the temporal boundary. Consider
an incident pulse with the slowly varying amplitude:

A(z = 0,τ) = Ain(τ). (3.12)

We can decompose it into plane waves of different frequencies using the Fourier transform:

Ãin(δ ) =
∫

Ain(τ)eiδτdτ. (3.13)

The evolution of each plane-wave component is governed by Eq. (3.8). The total field can be
calculated by integrating over the input pulse’s spectrum to obtain:

If τ < TB:

A(z,τ) =
1

2π

∫
Ãin(δ )ei[β ′(δ )z−δτ]dδ +

1
2π

∫
R(δ )Ãin(δ )ei[β ′(δ )z−δrτ]dδ , (3.14)

If τ > TB:

A(z,τ) =
1

2π

∫
T (δ )Ãin(δ )ei[β ′(δ )z−δtτ]dδ . (3.15)

This equation can be used to find the shapes and spectra of the reflected and transmitted parts of
any input pulse.

To validate our analytic theory of temporal reflection and refraction, we consider a Gaussian
pulse with the amplitude Ain(τ) = e−

1
2 (τ/Tw)

2−2πi∆νiτ and choose Tw = 1 ps, and ∆νi = 3.18 THz.
This pulse is reflected at the boundary located at TB = 5 ps as it propagates inside a dispersive
medium. We use the same parameters as those used in Fig. 3.2. We solved Eq. (3.5) numerically
using the split-step Fourier method [28]. We also used our analytic theory to calculate the reflected
and transmitted coefficients as a function of frequency and carry out the integrations in Eqs. (3.14)
and (3.15). The results are compared in Fig. 3.3. As is evident, the two methods produce identical
results and indicate that our analytical approach is valid.
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Figure 3.3: Solution of pulse propagation equation Eq. (3.5) using (left) analytical theory Eqs.
(3.14) and (3.15), compared with (right) purely numerical solution. The relative power |A(z,τ)|2
is plotted on a 40dB decibel scale.

3.4 Reflected and Transmitted Pulses
In this section, we investigate the properties of reflected and transmitted pulses produced after a
pulse interacts with the moving boundary. The reflected and transmitted pulses can be calculated
using Eqs. (3.14) and (3.15). It is not possible to obtain an exact form without approximations.

Consider that the input pulse spectrum Ãin(δ ) is centered around some value δi, and it is rel-
atively narrowband, such that the reflection and transmission coefficients R(δ ) and T (δ ) can be
approximated as constants within the input pulse spectrum. Here, we assume that total reflection
condition is not satisfied so that R and T are both real. Furthermore, we assume that the transmitted
frequency is given by the Taylor expansion of Eq. (3.10) δt ≈ δt(δi)+S(δ −δi), to the first order.
S = (dδt/dδ )

∣∣
δ=δi

. Then, we can first calculate the reflected and transmitted pulse shapes at z = 0:

Ar(τ) = R(δi)Ain(−τ), At(τ) = T (δi)Ain(Sτ)e−iδt(δi)τ+iSδiτ (3.16)

We can see that the reflected pulse is a time-reversed version of the input pulse, while the transmit-
ted pulse has some change in its width due to the fact that the frequency of the incident wave and
transmitted wave have a nonlinear relation. The time-reversal feature of the reflected pulse may
have applications in subwavelength focusing and dispersion compensation [55, 56, 57].

Eq. (3.16) is derived by substituting z = 0 into Eqs. (3.14) and (3.15). It may seem contradic-
tory since at z = 0, there should be only the incident pulse. Actually, the reflected and transmitted
pulses, that appear at some finite z can be calculated by doing a linear propagation of the pulses
obtained from Eq. (3.16). We write Eq. (3.16) in this way to separate the effect of the boundary
from the effect of dispersion during the propagation of the transmitted and reflected pulses.
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(a) (b)

(c)

Figure 3.4: (a) Simulation of temporal reflection. The input pulse’s central frequency lie at the
critical point of total reflection. (b) The output pulse shape compared with the input pulse shape.
(c) Input spectrum compared to |R| and |T |.

It is also worth noting that the assumption that R and T are constant within the input pulse’s
spectral bandwidth might not hold when the input pulse is too short, or when the spectrum lies
near the critical point of total reflection (See Fig. 3.2), where R and T changes quickly as the
input frequency changes. The result of this usually leads to some distortion of the reflected and
transmitted pulse shapes compared with the input pulse.

As an example, we performed simulations with an input pulse spectrum centered at the critical
point, where the coefficients R and T changes rapidly as the input frequency changes. The param-
eters chosen are the same as in Fig. 3.3, except that ∆νi = 2.23 THz. The results are shown in Fig.
3.4. We can clearly see that the reflected pulse and transmitted pulse shapes are distorted compared
with the input Gaussian shape, as the result of the rapid change of R and T across the spectrum of
the input pulse.

Eq. (3.16) assumes that the total reflection condition is not satisfied, meaning that R(δi) and
T (δi) are both real. If the total reflection condition is satisfied for all spectral components of the
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input pulse, there would be no transmitted pulse. The reflected pulse shape needs to be re-derived
since now, R is a complex number. From Eq. (3.11) shows that when δ 2 − 2βB/β2 < 0, R is a
complex number with modulus 1. We can write R = exp[iφR(δ )]. If the input pulse spectral width
is small enough, we can perform a Taylor expansion of the phase φR around the input pulse central
frequency δi, and keep up to the first order term:

φR(δ )≈ φR(δi)+
dφR

dδ

∣∣∣
δ=δi

(δ −δi) (3.17)

= φR(δi)−
2√

2βB/β2 −δ 2
(δ −δi) (3.18)

Here, we define τGH = 2/
√

2βB/β2 −δ 2. Then, the reflected pulse shape is obtained from Eq.
(3.14) (also at z = 0 to eliminate the effect of dispersion in propagation):

Ar(τ) = ei(φR(δi)+τGHδi)Ain(−τ + τGH) (3.19)

The reflected pulse now has a temporal offset, or an additional delay τGH , which is not present
when the total reflection condition is not satisfied. This delay is the temporal version of Goos-
Hänchen (GH) shift [58, 59, 60, 61]. The conventional GH shift takes place when a beam under-
goes total internal reflection at a spatial interface between two media. The reflected beam center is
shifted from its geometrical optics trajectory. The time domain GH shift that we describe here is
another demonstration of the concept of space-time duality.

We performed simulation using β2 = 0.05 ps2/m and βB = 1 m−1. The input pulse has a
Gaussian shape with a full width at half maximum (FWHM) of 6 ps. The input pulse leads the
boundary by 14 ps. The frequency offset from the group velocity matching frequency (with the
moving boundary) is ∆νi = 0.8 THz. The result is shown in Fig. 3.5. In (a), the time domain

(a) (b)

Figure 3.5: (a) Simulation of an input pulse undergoing total reflection from a moving boundary.
(b) Demonstration of the time domain Goos-Hänchen shift.
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evolution shows that the pulse is completely reflected by the moving boundary, with no transmitted
field. In (b), the output pulse shape is shown, compared with a calculation of the output pulse if
the GH shift is not present, visualizing the effect of GH shift. The red dashed curve is calculated
by sending a ”mirrored” light pulse of the input pulse with respect to the boundary, and letting
the mirrored pulse propagate (in this case there is no boundary present) for the same amount of
distance (200m in this case). The GH shift from analytical calculation should be 0.516 ps, while
the shift from the numerical simulation is 0.524 ps (evaluated from the center of mass), showing a
good agreement.

3.5 Boundary with a Finite Rise Time
In the previous sections, we considered the reflection of an incident pulse at an ideally sharp
boundary, with its shape described by a Heaviside function. Such assumption needs to be re-
examined from a practical point of view, since any boundary that can be generated must have a
finite rise time. In this section, we perform an analysis of the temporal reflection of an incident
pulse at a boundary with a finite rise time.

We use the pulse propagation equation given in Eq. (3.5):

∂A
∂ z

+ i
β2

2
∂ 2A
∂τ2 = iβBs(τ)A. (3.20)

To model a boundary with finite rise time, on the right-hand side βB = (ω0/c)δn is proportional
to the magnitude of index change, and s(τ) governs the shape of the boundary with values in the
range 0–1. For the present, we leave s(τ) unspecified and only note that its value rises from 0 to 1
over a finite duration related to the rise time of the boundary.

We still consider a plane wave solution, similar to the discussion for the sharp boundary case.
This is done by solving the ”time-independent Schrödinger’s Equation”, where the solution A
should be in the form of exp(iβ ′z)AT (τ). The boundary shape function s(τ) should tend to 0 as
τ →−∞, and tend to 1 as τ →+∞. The equation governing AT is given by:

β
′AT +

β2

2
d2AT

dτ2 = βBs(τ)AT , (3.21)

which does not always have an analytical solution. We need to use numerical techniques to solve
for the reflection and transmission coefficients of this boundary s(τ). Here, we use a staircase
approximation, by breaking the continuous s(τ) into a number of discrete steps, in each step we
can assume that s(τ) is a constant (See Fig. 3.6). In this way, we can calculate a transfer matrix
that relates the amplitudes of the waves across the boundary.

To be more specific, we consider that in the n-th segment (τn,τn+1), s(τ) = sn. Then, inside
this segment, the solution should be:

AT (τ) = An+e−iδnτ +An−eiδnτ for τ ∈ (τn,τn+1), (3.22)

where the frequency δn =
√

2(β ′−βBsn)/β2 is obtained so that AT (τ) satisfies Eq. (3.21) in each
segment. We write AT (τ) = A+(τ)+A−(τ), by separating the two parts of the previous equation.
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Figure 3.6: staircase approximation: break the continuous boundary function into a number of
discrete steps.

We then have:
dAT

dτ
=−iδnA++ iδnA− for τ ∈ (τn,τn+1), (3.23)

At the boundaries between two segments, we match the boundary conditions to ensure that both
AT and dAT/dτ are continuous. Thus, we can relate the values of A+ and A− across the boundary
in the following form: (

A+(τn,−)
A−(τn,−)

)
=

(
δn+δn+1

2δn

δn−δn+1
2δn

δn−δn+1
2δn

δn+δn+1
2δn

)(
A+(τn,+)
A−(τn,+)

)
, (3.24)

The values of A+ and A− within a single segment can be related by another matrix:(
A+(τn,+)
A−(τn,+)

)
=

(
eiδn(τn+1−τn) 0

0 e−iδn(τn+1−τn)

)(
A+(τn+1,−)
A−(τn+1,−)

)
, (3.25)

We denote the matrix in Eq. (3.24) as Tn and the matrix in Eq. (3.25) as Pn. We can then relate the
field at any two points using matrix multiplications. This method is analogous to the calculation of
reflectivity of a multi-film dielectric stack [34].

If we wish to consider the reflectivity of the whole boundary, we assume that for τ < τ0 s(τ)= 0
and for τ > τN , s(τ) = 1. We discretize the boundary into N segments. Since we consider that
the incident wave comes from the τ < τ0 side, the solution should contain both the incident and
reflected wave for τ < τ0 while it should contain only the transmitted wave for τ > τN . The
amplitudes of the three waves can be related by the matrix multiplication:(

Ain
Ar

)
= T0P0T1P1...TN−1PN−1TN

(
At
0

)
. (3.26)
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We denote the matrix product in the middle as M. This is the transfer matrix of the entire boundary.
Then, the reflection and transmission coefficients are given by:

R =
Ar

Ain
=

M21

M11
, T =

At

Ain
=

1
M11

. (3.27)

It is worth noting that the same transfer matrix can also be obtained by directly solving Eq. (3.21)
numerically (using, for example, the Runga-Kutta method), with the appropriate boundary condi-
tions.

Using the method described above, we study the impact of the boundary’s shape and sharpness
on the reflectivity. One simple way to consider boundaries with different rise times is to employ a
specific shape controlled by the super-Gaussian function,

s(τ) =
{

exp[−(τ/T0)
2m], for τ < 0,

1, for τ ⩾ 0,
(3.28)

such that s = 1 at the boundary location τ = 0. The parameter m governs the boundary’s sharpness.
Increasing m makes the boundary sharper.

We calculated the reflectivity of boundaries with the same index change, or the same βB = 0.5
m−1, but different sharpness. The boundaries are discretized into 500 segments. The result is
shown in Fig. 3.7. On the left, we show these different boundary shapes, which are obtained
with T0 = 0.5 ps, but different m to create different sharpness. Note that in Fig. 3.7 the shape
functions s(τ) has been shifted compared to the expression given in Eq. (3.28) to better visually
compare the boundaries with different sharpness. Reflectivities |R|2 are calculated for different
incident waves, that have some frequency offset from the group velocity matching frequency. The
dispersion parameter is given by β2 = 5 ps2/km. As seen from Fig. 3.7, all the different boundaries
have the same critical frequency ∆νc for total reflection. When the frequency offset is larger than
this critical frequency, the reflectivities decreases with the increase of the frequency offset ∆ν . The
slower the boundary is (less sharp), the more rapidly the reflectivities fall off. For boundaries with
a long rise time, the reflectivity is almost a step function of the incident frequency.

Figure 3.7: Left: boundaries with different sharpness by varying m. Right: reflectivity of the
different boundaries as a function of incident wave frequencies.
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We perform numerical simulations for incident pulses, instead of monochromatic waves. We
consider an input pulse:

Ain(τ) = exp
(1

2
( τ

T1

)2
)

exp(−i2π∆νiτ), (3.29)

with ∆νi = 3.2 THz and T1 = 2 ps. The boundary has a shape given in Eq. (3.28) for m = 1 and
T0 = 0.5 ps. Here, we consider two different index changes, with βB = 0.95 m−1 and 1.05 m−1

respectively. The result is shown in Fig. 3.8. We see partial reflection in both cases. However,
a small amount of change in βB (10%) leads to a big amount of change in the overall reflectivity
(14.5% to 94%). The reason is that for a boundary not quite sharp, the reflectivity becomes almost
a step function of the incident frequency. The critical frequency depends on the amount of index
change βB. We chose the parameters so that the central frequency of the incident pulse is larger than
the critical frequency for the small βB, but smaller than the critical frequency for the larger βB. The
reflection is not 100% because, even though the TIR condition is satisfied for the central frequency
of the pulse, a portion of the pulse’s spectrum lies outside the TIR region because of a relatively
large bandwidth of the pulse. For wider pulses with a smaller bandwidth, the change from full
transmission to total reflection becomes more dramatic and exhibits a switch-like behavior in the
sense that a relatively small change in the refractive index produces large changes in the reflected
energy of the incident pulse.

3.6 Time-Domain FP Resonator
Here, we discuss the possibility of constructing an analog of the Fabry-Perot resonator (FPR) based
on the concept of temporal reflections.

The conventional FPR consists of two partially reflecting mirrors separated by some distance.
When the two mirrors have high reflectivities, the transmission spectrum has an array of peaks. If

Figure 3.8: Simulation of temporal reflection on a boundary with finite rise time with two different
index changes.
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there is no loss, the peak transmission is 100% at the resonance frequencies of the FPR.
For our case, we consider two moving boundaries separated in time by some delay. Since

each moving boundary can reflect light through temporal reflection, we expect the two moving
boundaries to form a FPR from temporal reflection.

We assume that the boundary shape function is in the following form:

s(τ) = s0(τ)+ s0(τ −Tc). (3.30)

Unlike the previous case, here s0(τ) is assumed to be a pulse, meaning that it goes to 0 for τ →±∞.
A single pulse forms a boundary that results in temporal reflection. Two pulses should create a time
domain FPR.

We use the transfer matrix method described in Section 3.5. As shown in Fig. 3.9, a single
boundary has a transfer matrix given by M. Then, the transfer matrix of the entire structure is
given by matrix multiplication:

MFP =

(
M11 M12
M21 M22

)(
eiδT 0

0 e−iδT

)(
M11 M12
M21 M22

)
. (3.31)

Mi j is the matrix elements of M, and δ is the incident wave frequency offset from the group velocity
matching frequency ω0. Using the transfer matrix, the transmissivity of the FPR is found to be:

TFP =
1

|[MFP]11|2
= |M2

11e2iδT +M12M21|−2, (3.32)

It is possible to simplify this expression using the properties of matrix M. Since the matrix M is
found from Eq. (3.21), we notice that if AT is a solution to this equation, so is A∗

T , which is the

Figure 3.9: sketch of time domain FPR formed by two boundaries.
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complex conjugate of AT . Since M should correctly relate the amplitudes of the forward wave and
backward wave of both AT and A∗

T , it can be shown that:(
M11 M12
M21 M22

)
=

(
M∗

22 M∗
21

M∗
12 M∗

11

)
. (3.33)

Furthermore, a single boundary’s reflectivity and transmissivity should add up to 1, i.e.,∣∣∣M21

M11

∣∣∣2 + ∣∣∣ 1
M11

∣∣∣2 = 1 (3.34)

Note that this relation holds since the refractive index on both sides of the boundary is assumed to
be the same. It would not hold for the boundaries discussed in the earlier sections.

Using the two relations above, we can simplify Eq. (3.32) considerably. Denote M11 =
|M11|exp(iφ0), and Γ = M21/M11 as the amplitude reflection coefficient of a single pump pulse,
we obtain:

TFP =
1

|M11|4 + |M12|2|M21|2 +M2
11M∗

12M∗
21e2iδT +M∗2

11M12M21e−2iδT

=
1

|M11|4
1

1+ |M21|4
|M11|4

+ |M21|2
M∗2

11
e2iδT + |M21|2

M2
11

e−2iδT

= (1−|Γ|2)2 1
1+ |Γ|4 +2|Γ|2 cos(2(δT +φ0))

=
(

1+
4|Γ|2

(1−|Γ|2)2 cos2 φ

2

)−1
, (3.35)

where we defined the phase φ :
φ = 2δT +2φ0. (3.36)

The transmissivity of the FPR that we consider has a similar form compared with a conventional
spatial FPR. Similar to the spatial case, when we consider the transmissivity of the FPR as a
function of the incident wave frequency δ , multiple peaks with 100% transmission occur when the
resonance condition, φ = (2m+1)π , is satisfied, where m is an integer. Also, similar to a spatial
FPR, the larger is the value of the single boundary reflectivity |Γ|2, the sharper the transmission
peak becomes. However, there is one critical feature that makes a temporal FPR quite different
from a spatial slab. Whereas the reflectivity at two spatial interfaces is nearly constant over a wide
spectral range in the spatial case, it changes rapidly in the temporal cases because |Γ|2 depends on
the incident frequency δ .

As an example, we assume that a single boundary has the form of s0(τ) = sech2(τ/T0). This
corresponds to the scenario where one uses an optical soliton to create a moving boundary that
can reflect weaker light pulses at another wavelength. We set the maximum change of propagation
constant as βB = 1.2 m−1, which corresponds to a maximum index increase of only ∆n = 3×10−7.
We use T0 = 50 fs and the two boundaries are separated by Tc = 1.4 ps. The dispersion parameter
is given: β2 = 5 ps2/km. We calculated the transfer matrix of each boundary by dividing it into
500 segments from −4T0 to 4T0. We used this matrix to calculate both |Γ|2 and the transmissivity
TFP of the FPR as a function of incident wave frequency δ , and the result is shown in Fig. 3.10.
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From the figure, the transmissivity of the FPR TFP does show an array of peaks as the incident
frequency changes. These peaks have a transmissivity of 1 since they satisfy the resonance condi-
tion. Another interesting feature here is that the peaks have less and less finesse as ∆ν increases.
This can be understood by the change of the single boundary reflectivity |Γ|2 as ∆ν increases.
When the incident wave has a larger frequency offset from the group velocity matching frequency,
its velocity difference compared with the boundary becomes larger, and the reflectivity drops down,
which leads to the decrease of the resonance peaks’ finesse.

Next, we simulated the transmission of a pulse through the FPR at the peak and valley of one
transmission peak in Fig. 3.10 by solving (3.20) numerically. We used an input Gaussian-shape
pulse:

A(0,τ) = exp(−τ
2/(2T 2

0 ))exp(−2πi∆νiτ), (3.37)

with T0 = 20 ps. The frequency ∆νi is chosen so that the pulse’s spectrum lies lie at the peak
or valley of the transmission curve of the FPR. The result is shown in Fig. 3.11. (a) shows the
temporal evolution of the pulse when its frequency is at the transmission peak of the FPR while (b)
shows the result when the incident frequency is at the transmission valley. (d) shows the incident
spectrum together with the transmission curve of the FPR.

As predicted by our transfer-matrix method, the pulse is almost completely transmitted when its
spectrum is centered at the transmission peak. In contrast, it is mostly reflected when its spectrum
is centered at the transmission valley. In both cases, there is some energy leakage due to the finite
width of the resonator. The reason for almost perfect transmission and reflection is related to a
relatively large width of the probe pulse, chosen to ensure a narrow spectrum that fits within the
bandwidth of the transmission peak.

Figure 3.10: Frequency dependence of TFP (blue line) and |Γ|2 (orange line) for a temporal FPR
formed using two boundaries that have sech2 shape, induced by optical solitons.
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When the probe pulse becomes shorter than 10 ps, its spectrum becomes wider than the trans-
mission peak, and the FPR behaves like an optical filter. To verify this, we simulated the case
of a probe pulse with T0 = 2 ps, and the results are shown in Fig. 3.12. We see that only a part
of the pulse is transmitted even though the pulse’s spectrum is centered at the peak with 100%
transmission. This is so because the probe spectrum is wider than the transmission peak, as seen
at the bottom of Fig. 3.12, resulting in a significant amount of reflection. Both the reflected and
transmitted pulses have long tails, caused by multiple reflections occurring inside the FPR. We also
show the spectrum of the transmitted pulse together with the transmission curve of the FPR. The
transmitted spectrum is narrower than that of the incident pulse and fits within the transmission
peak, as expected on the physical ground. These results indicate clearly that a temporal FPR can
be used as an optical filter.

Figure 3.11: Temporal evolution of a 20-ps Gaussian pulse when its spectrum is centered at (a) a
transmission peak and (b) a transmission valley. (c) shape of the FPR formed by two boundaries
(d) Location of pulse spectra within the transmission curve (red) of the FPR. The blue solid line is
the incident spectrum in (a) and the dashed line is the incident spectrum in (b); spectral intensity is
plotted.
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Figure 3.12: Top: Temporal evolution of a 2-ps Gaussian pulse when its spectrum is centered at
a transmission peak of the FPR. Bottom: Spectra of the incident (blue solid line) and transmitted
pulses (blue dashed line) superposed on the transmission curve of the FPR (red).

3.7 Conclusion
In this chapter, we discussed the phenomenon of temporal reflection at a moving boundary in a dis-
persive medium, where an incident pulse can split into reflected and transmitted pulses with some
amount of frequency shifts from the incident pulse. Remarkably, this type of temporal reflection
results in a forward-traveling reflected wave, which is different from the temporal reflection with
a purely temporal boundary that changes the index everywhere simultaneously. In the latter case,
the reflected light travels backwards.

We proposed a mathematical model for describing temporal reflection, and studied a few ex-
amples using this model. We show that the temporal reflection in our case requires a much smaller
index change to result in a significant reflection, with a large frequency shift. Using our model, we
derived the reflection and transmission coefficients for a sharp boundary as a function of incident
wave frequency, showing the possibility of total reflection, as a temporal analog of total internal
reflection for a glass-air spatial interface.

We also studied the temporal reflections with boundaries that have some rise time. Using the
transfer matrix method, we studied the impact of the boundary’s sharpness on temporal reflection,
showing that the total reflection condition is not influenced by the boundary’s rise time, but when
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the total reflection condition is not satisfied, the increase of the boundary’s rise time leads to a
decrease in the reflectivity. For boundaries that have a large rise time (not sharp), the reflectivity
approaches a step function of the incident wave frequency.

We demonstrated that the temporal analog of a spatial FPR might be constructed from two
moving boundaries. We showed that sharp resonance peaks can form when the reflectivity of
a single boundary is high and the resonance condition is satisfied. We showed from numerical
simulation, that such FPR can serve as an optical filter. We also believe that other types of optical
phenomena that happen for a spatial beam should have their counterparts for temporal pulses.
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Chapter 4

Boundary Formed by Short Pulses

In Chapter 3, we studied the phenomenon of temporal reflection at a moving boundary whose
shape function is given with some assumptions. The dynamics of the boundary itself was not
considered. Starting from this chapter, we consider more realistic situations and take into account
how the boundary is induced and how its shape might change. To be more specific, we focus on
using the optical Kerr effect to create an index change using a strong pump pulse. The pump pulse
causes the index to increase, and this boundary of index change can reflect another weaker probe
pulse. It is then important to consider the evolution of the pump and probe pulses together.

When an ultrafast laser pulse is used as a pump pulse to create a boundary with a fast rise time,
chromatic dispersion and multiple nonlinear effects become important. We found that the most
important higher-order nonlinear effect is stimulated Raman scattering, which causes the spectrum
of the pump pulse to continuously shift to the longer wavelengths. Combined with the dispersion,
this continuous frequency shift causes the pump pulse to reduce its speed as it propagates, creating
a boundary with deceleration. We also found that the temporal reflection of a probe pulse from
such a boundary can result in several more interesting phenomena, that are not possible for pulses
reflecting on a boundary with constant velocity.

In this chapter, we first discuss how the pump pulse evolves as it propagates in the medium.
Its evolution determines both the shape and the speed of the boundary formed by the pump pulse.
Then, we discuss how the probe pulse reflects at this boundary and the interesting phenomena that
can occur.

4.1 Optical Solitons
For temporal reflection to occur, one would prefer creating a moving boundary that does not change
its shape as it propagates. This was assumed to be the case in Chapter 3. If we choose to send a
strong pump pulse to induce the boundary from Kerr effect, this pump pulse would also experience
the dispersion and nonlinearity of the medium. For the pump pulse to maintain its shape during
propagation in the presence of dispersion and nonlinearity, we consider using an optical soliton as
the pump pulse.

Soliton is a special type of pulse that maintains the same shape during propagation in a non-
linear and dispersive medium. The discovery of soliton dates back to 1834, when Scott Russell
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observed a heap of water that propagated without distortion for several kilometers [62]. In the 20th
century, solitons were discovered in many other areas of physics [63, 64, 65]. A lot of work has
been done in the field of fiber optics [66, 67, 68], where the nonlinearity comes from the optical
Kerr effect.

The simplest equation that describes an optical soliton takes into account both the second-order
dispersion and the Kerr effect. The pulse propagation is governed by the nonlinear Schrodinger’s
equation [28]:

∂A
∂ z

+
iβ2

2
∂ 2A
∂τ2 = iγ|A|2A. (4.1)

There is an analytical way of solving Eq. (4.1) using a technique called inverse scattering method
[69, 70]. However, this method is mathematically involved and it only applies to a few types of
equations. With the presence of higher-order nonlinearity, one has to use numerical approaches.

Normally, we consider a medium with a positive Kerr effect (γ > 0). In this case, a bright
optical soliton exists when the dispersion is anomalous, or β2 < 0. The solution for a bright soliton
is given by:

A(z,τ) =

√
|β2|
γT 2

1
sech

(
τ

T1

)
exp
(

i
|β2|z
2T 2

1

)
. (4.2)

The soliton does not change its pulse shape as it propagates, which is a result of exact balancing
of the dispersion and Kerr effect (also called self-phase modulation here because Kerr effect mod-
ulates the phase of the pulse depending on its own power). T1 is the temporal width of the soliton,
which determines the peak power of the soliton as P = |β2|/(γT 2

1 ). There is also a nonlinear phase
shift during the propagation of the soliton, which comes from the fact that the Kerr effect increases
the index of the medium.

In general, dispersion causes the pulse to broaden since different parts of the spectrum travels
at different speed, while the Kerr effect causes the pulse to spectrally broaden. In the case of a
fundamental soliton, the two effects completely balance out each other. To develop a qualitative
understanding of this balancing, we can use the analogy of pulse propagation with quantum me-
chanics. Eq. (4.1) has the same form as the standard 1-dimensional Schrodinger’s equation, except
that here, the potential is proportional to |A|2. Suppose A has the form of a pulse, then we find that
if β2 < 0, the potential created by |A|2 term is effectively a potential well, which supports localized
eigenmodes. For a fundamental soliton Eq. (4.2), the potential well created by |A|2 has a mode
with the shape A, thus the pulse shape remains stationary as it propagates. In other words, the pulse
is trapped by the potential created by itself.

There are also higher-order solitons when the input is given by:

AN(0,τ) = NA(0,τ) (4.3)

where N is an integer specifying the soliton’s order. As a higher-order soliton propagates, it does
not maintain its shape, but the pulse shape is periodic in the propagation distance z, with periodicity
z0 = πT 2

1 /(2|β2|).
One other nice property of fundamental soliton is that it is stable against perturbations. When

the input pulse shape does not have the exact form given in Eq. (4.2), if the deviation is not
too large, the pulse still evolves into a fundamental soliton. However, as the pulse adjusts its
shape, some energy of the pulse is shed away as a dispersive wave. The amount of energy lost is
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Figure 4.1: Raman gain as a function of frequency offset [36].

greater when the pulse shape deviates more from the form of a fundamental soliton. Fundamental
solitons are also stable against other types of perturbations during their propagation, such as higher-
order dispersion, higher-order nonlinear effects, losses, and so on. On the contrary, higher-order
solitons are generally not stable against higher-order effects, and they generally break into multiple
fundamental solitons of different energies [71, 72]. This process is called the soliton fission.

With the nice properties of stationary pulse shape and stability, for temporal reflection, we will
choose to use a fundamental soliton as the pump pulse to create the refractive index boundary.

4.2 Raman Scattering
Eq. (4.1) that supports an exact fundamental soliton has neglected higher-order dispersion and
higher-order nonlinearity. When the soliton that we launch into the medium is short enough (below
1 ps), then the higher-order nonlinear effects need to be considered. For our purposes, the most
important higher-order nonlinearity is Raman scattering.

Raman scattering is an inelastic scattering process discovered by Indian physicist C. V. Raman
[73], where an incoming photon (pump) is converted into a phonon of a molecular vibration mode,
and a scattered photon with less energy, or smaller frequency. This photon is usually called the
Stokes photon. If a Stokes photon is already present, then the presence of the Stokes photon
increases the rate of Raman scattering. This process is called stimulated Raman scattering (SRS).
In SRS, there is an effective gain of the Stokes wave from the pump wave. The gain experienced by
the Stokes wave is proportional to the intensity of the pump wave, and also related to the frequency
offset between the pump wave and Stokes wave [27].

In optical fibers, because of the amorphous structure of silica glass, the Raman gain spectrum
has a large bandwidth [36] as shown in Fig. 4.1. The classical theoretical treatment of Raman
scattering can be formulated as a kind of third-order nonlinearity [74, 75]. It enters the pulse prop-
agation equation with the last nonlinear term in Eq. (2.25). The Raman scattering is considered
as a delayed response (with the response function hR(t)) to the input light pulse intensity. It can
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be considered as the response of molecular vibrations driven by the laser pulse. When the laser
pulse’s temporal width is comparable to the oscillation frequency of the vibrations, the response is
large but non-instantaneous.

For ultrashort solitons in optical fibers (sub 100fs), the effect of Raman scattering is extremely
important. When a femtosecond pulse is injected into a fiber, its spectrum is wide enough that
Raman scattering can happen among its own spectral components, with the result that its spectrum
shifts continuously toward the red side when it propagates in the anomalous dispersion region
as a soliton. This effect is also called intrapulse Raman scattering. The spectral shift leads to a
deacceleration of the soliton and a continuous reduction in the speed of the pulse. When only
the second-order dispersion is considered, the shape and width of the soliton do not change (ap-
proximately) during propagation, but its central frequency red-shifts linearly with the propagation
distance z [76]. To be more specific, we consider the pulse propagation equation in the following
form:

∂A
∂ z

+
i
2

β2
∂ 2A
∂τ2 = iγA(z,τ)

∫
∞

−∞

R(τ ′)|A(z,τ − τ
′)|2dτ

′, (4.4)

where the nonlinear response function R(τ) is given:

R(τ) = (1− fR)δ (τ)+ fRhR(τ). (4.5)

Eq. (4.4) is the same as Eq. (2.28), except that the higher-order dispersion, losses, and self-
steepening are neglected. We found that the effect of self-steepening is usually weak compared
to the other effects and it is reasonable to neglect it here. For the propagation of soliton alone,
the higher order dispersion can also be neglected since we assume that its spectrum does not
extend too wide. Fiber losses are also neglected because of the relatively short lengths (< 0.1 km)
required for this work. In Eq. (4.4), the first term is the instantaneous response from the Kerr
effect and the second term is the delayed response from the Raman effect. The coefficient fR and
the form of hR(τ) are given in Chapter 2 (see Eq. (2.26)). In Eq. (4.4), we only take into account
the second-order dispersion, the Kerr effect and Raman effect. Assuming that the medium has
anomalous dispersion (β2 < 0) and the input pulse shape A1(0,τ) =

√
P1sech(τ/T1) corresponding

to a fundamental soliton (P1 is determined by the relation P1 = |β2|/(γT 2
1 )), then the approximate

solution at a distance z can be written as [77]:

A1(z,τ) =
√

P1sech
(

τ −qp

T1

)
e−iΩpτ+iφp, (4.6)

where the Raman-induced frequency and temporal shifts are given by

Ωp =−8TR|β2|z
15T 4

1
, qp =

4TRβ 2
2 z2

15T 4
1

= az2. (4.7)

Here TR ≈ 3 fs is a time constant determined by the Raman response function. We introduced a
coefficient a = 4TRβ 2

21/(15T 4
1 ) to simplify the notation.

From Eq. (4.6), the Raman effect causes the input soliton to continuously red shift, with the
amount of shift linear about the propagation distance. In the time domain, we also see that the
pulse has some delay qp that is proportional to z2. This happens because as the soliton red shifts, it
slows down because of the anomalous dispersion. Note that in Eq. (4.6), we worked in a moving
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Figure 4.2: Evolution of the input soliton with the presence of Raman effect.

frame defined by τ = t −β1z, where β1 is the inverse of the group velocity at the incident soliton’s
central frequency. For a pulse that does not slow down, the delay would be 0 for all z.

We also performed a numerical simulation using Eq. (4.6). The value of β2 is −15.7 ps2/m.
The input pulse shape A(0,τ) is a fundamental soliton given by Eq. (4.2) (evaluated at z = 0), with
T1 = 100 fs. The nonlinear coefficient is γ = 1.3 W−1km−1 (In fact, γ does not affect the dynamics
of propagation as long as the power scales inversely with it). These parameters are appropriate for
a 1.5-µm pulse propagating in a regular single-mode fiber. The results for a 60-m-long optical fiber
are shown in Fig. 4.2, where we show the evolution of the shape and spectrum of the soliton. As
expected, the soliton’s spectrum in part (b) shifts continuously toward the red side through Raman
scattering. As a result of this shift, the pump pulse slows down inside the fiber with a delay that
varies as z2, resulting in a bent trajectory in part (a). We shall now study the temporal reflection of
a probe pulse on the boundary created by the decelerating soliton.

4.3 Temporal Reflection
We consider using optical fiber to achieve the temporal reflection. The index boundary is created
by the soliton via the Kerr effect. We would call the soliton the pump pulse. Another probe pulse
(much weaker) is also launched into the fiber, and it can interact with the index boundary created
by the pump. To model their interaction, we use Eq. (2.28), and neglecting the self-steepening
term:

∂A
∂ z

− ∑
m≥2

im+1

m!
βm

∂ mA
∂τm = iγA(z,τ)

∫
∞

−∞

R(τ ′)|A(z,τ − τ
′)|2dτ

′, (4.8)

where γ is the nonlinear parameter and βm is the mth order dispersion parameter at some reference
frequency ω1 and is defined βm = dmβ/dωm |ω1 . The pulse’s envelope A(z, t) is related to the



CHAPTER 4. BOUNDARY FORMED BY SHORT PULSES 41

electric field as
E(z, t) =

1
2
{A(z, t)exp[i(β (ω1)z−ω1t)]+ c.c.}, (4.9)

Like before, the reduced time τ is related to the real time t by:

τ = t −β1(ω1)z. (4.10)

The only additional thing that we included compared to Eq. (4.4) is that the higher-order dispersion
is taken into account. We need to include it here because the envelope A here contains both the
pump pulse as well as the probe pulse. They will be spectrally separated far enough that inclusion
of only the second-order dispersion is not enough.

To realize temporal reflection, the group-velocity difference between the pump and probe
pulses should be relatively small, as we have seen in Chapter 3. One way to achieve this is to
notice that a single-mode silica fiber has its zero-dispersion wavelength around 1310 nm, where β2
vanishes. As β2 has different signs on the opposite sides of this wavelength, for any wavelength
of the pump, a wavelength exists on the opposite side that has the same group velocity. Fig. 4.3
shows how the group index ng varies with wavelength for silica fiber. The group velocity is related
to it as vg = c/ng. For example, if we choose the pump’s wavelength near 1500 nm, where solitons
can form, the group velocity at 1145 nm will match that of the pump pulse. In practice, the central
wavelength of the probe pulse should be in the range 1145± 20 nm to ensure a relatively high
reflectivity.

The fact that the probe pulse lies in the normal-dispersion region is also important. This is
because the pump pulse increases the index during its duration. As discussed in Chapter 3, a

Figure 4.3: Group index of a single mode fiber. For a 1500nm pump soliton, the group velocity
matching wavelength λGVM is 1145nm.
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boundary with a positive index change can only satisfy the total reflection condition if the probe
pulse is in the normal-dispersion region (see the discussion regarding Eq. (3.11)). For a boundary
with a finite duration, such as the boundary induced by a pump pulse, perfect total reflection is not
possible because of the presence of tunneling. Nonetheless, we still expect a higher reflectivity if
the probe pulse lies in the normal-dispersion region.

We choose the pump pulse to be around 1500 nm, and the probe pulse to be in the range
1145±20 nm. Then, the pump and probe pulses are widely separated in the spectral domain, and
we can consider their envelopes separately. Suppose the input pump pulse central frequency is
ω1, while the probe pulse central frequency is near the group velocity matched frequency of ω1,
denoted as ω2. We use frequency ω2 to define the probe pulse envelope. Thus, the envelope A in
Eq. (4.8) can be decomposed into the pump and the probe parts as:

A(z,τ) = A1(z,τ)+A2(z,τ)ei(∆β z−∆ωτ), (4.11)

where ∆ω = ω2 −ω1, ∆β = β (ω2)− β (ω1)− β1(ω1)∆ω , and the subscripts 1 and 2 stand for
the pump and probe envelopes, respectively. Substituting the preceding form into Eq. (4.8) and
separating the terms in the two spectral regions, we obtain the following two equations:

∂A1

∂ z
− ∑

m≥2

im+1

m!
βm1

∂ mA1

∂τm = iγA1(1− fR)(|A1|2 +2|A2|2)

+iγ fR

∫
∞

−∞

hR(τ
′)(|A1|2 + |A2|2)(z,τ − τ

′)dτ
′, (4.12)

∂A2

∂ z
− ∑

m≥2

im+1

m!
βm2

∂ mA2

∂τm = iγA2(1− fR)(|A2|2 +2|A1|2)

+iγ fR

∫
∞

−∞

hR(τ
′)(|A2|2 + |A1|2)(z,τ − τ

′)dτ
′. (4.13)

Here, βm1 and βm2 are the dispersion parameters evaluated at ω1 and ω2 respectively. We will use
these equations to discuss temporal reflection from ultrashort pump pulses. The terms oscillating at
frequencies other than those of the pump and probe were neglected in writing them. This is justified
because they are the results of four-wave mixing between the pump and probe, which requires a
phase-matching condition that is usually not satisfied in practice. We estimate the ”coherence
length” of such a process in our experimental conditions (details about experiments are in Chapter
6 and 7). The coherence length of this four-wave mixing process is estimated by |∆β |−1 inversely
proportional to the mismatch in the wave vector. In our experiment, this length turns out to be
about 0.2 mm, which is much smaller than the interaction length between the pump and probe
pulses. Therefore, we can safely neglect this four-wave mixing term in our model.

After separating the envelopes into the pump envelope and probe envelope, the frequency band-
width of each envelope is actually small enough that βm1 and βm2 can be neglected for m > 2.
Furthermore, we consider that the probe pulse is much weaker than the pump pulse so that the
terms of |A2|2 can be neglected in Eq. (4.12) and Eq. (4.13). Then, the pump propagation equa-
tion is identical to the form given in Eq. (4.4), and the probe pulse’s propagation equation can be
simplified to be:

∂A2

∂ z
+

iβ22

2
∂ 2A2

∂τ2 = ib(z,τ)A2, (4.14)
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where the pump-induced change in the refractive index is given as

b(z,τ) = 2γ(1− fR)|A1(z,τ)|2

+ γ fR

∫
∞

−∞

hR(τ
′)|A1(z,τ − τ

′)|2dτ
′

≈ γ(2− fR)|A1(z,τ)|2
(4.15)

The term on the second line results from the Raman effect. We can also interpret Eq. (4.14) by
noting that the pump pulse effectively creates a phase modulation for the probe pulse. This phase
modulation is usually called cross-phase modulation. Without the presence of the Raman effect,
the strength of this modulation is two times the strength of self-phase modulation Eq. (2.23).
However, if the two pulses’ frequency difference is much larger than the Raman frequency, as in
this case, this ratio would be decreased to 2− fR.

Eq. (4.14) resembles Schrodinger’s equation in quantum mechanics with b(z, t) representing a
barrier. Thus, our temporal-reflection problem is analogous to the scattering of a particle from a
barrier in quantum mechanics. When the index change is large enough, we expect the probe pulse
to be completely reflected by the pump pulse. However, as the pump pulse exhibits a Raman-
induced delay, the exact quantum analog of the temporal reflection would be the reflection from a
non-stationary energy barrier.

To study the temporal reflection of a probe pulse on the decelerating soliton shown in Fig. 4.2,
we solve Eqs. (4.12) and (4.13) numerically. The parameters for the pump pulse are the same as in
Fig. 4.2. For the probe pulse equation, we used β22 = 12.3 ps2/m. The input pump pulse is at 1500
nm. The probe pulse’s spectrum is centered at 1155 nm, 10 nm longer than the group-velocity
matching wavelength of 1145 nm. Its shape corresponds to a Gaussian pulse:

A2(0,τ) = exp
[
− (τ −Td)

2

2T 2
2

− iδiτ
]
, (4.16)

where T2 = 1 ps (corresponds to a FWHM of 1.66 ps) and δi is the frequency difference between
1155 nm and 1145 nm. All simulation results in the following of this chapter use this value of δi
unless stated otherwise. Td = 2.5 ps is the delay of the incident probe pulse with respect to the
pump pulse.

The pump pulse propagation result is the same as in Fig. 4.2. Fig. 4.4 shows the evolution
of the probe pulse reflecting from the boundary created by the soliton undergoing deceleration.
The black dashed line shows the trajectory of the soliton. In part (a), the probe pulse is initially
trailing the pump pulse by 2.5 ps, but it’s traveling faster and catches up with the pump pulse at a
distance of about 10 m. After that distance, most of its energy gets reflected by the pump pulse,
while a small fraction of the pulse’s energy is transmitted through the pump pulse and appears on
its other side. The frequency of the reflected probe pulse has shifted from the incident frequency
by about 6 THz, as seen in part (b). We also notice that in the time domain, the reflected pulse first
gets narrower before it broadens again, and in the spectral domain, the reflected pulse spectrum
becomes wider than the incident pulse.

It is not easy to to calculate analytically the reflectivity of a probe pulse from a red-shifting
pump soliton. However, if we make a suitable approximation, we can make some progress. The
approximation consists of neglecting the spectral shift of the pump during the reflection process.
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Figure 4.4: Evolution of the probe pulse reflecting from a soliton undergoing Raman red shift. The
black dashed line shows the trajectory of the soliton.

In that situation, temporal reflection becomes the quantum analog of a particle scattered by a uni-
formly moving quantum barrier with a hyperbolic-squared shape. This problem is exactly solvable
[78].

We first calculate the frequency of the reflected wave using momentum conservation or the
phase-continuity relation [4]. We assume that over the duration that the probe is being reflected,
the trajectory of the pump soliton can be treated as being linear. Mathematically, we approximate
the pump’s trajectory near z = z0 as

τb = az2 ≈ a[z2
0 +2z0(z− z0)], (4.17)

where a is a constant given in Eq. (4.7) and z0 is the location where the center of the incident probe
pulse hits the pump pulse. It is calculated from the quadratic equation:

az2
0 = Td +β22δiz0 (4.18)

Under the linear trajectory approximation, we consider the central frequency components of
the incident pulse and the reflected pulse. These two plane wave components can be written as

Ai ∝ ei(∆βiz−δiτ), Ar ∝ ei(∆βrz−δrτ). (4.19)

Along the boundary, the phase difference between the two waves should remain constant, implying
the following equation:

d
dz

(∆βiz−δiτb) =
d
dz

(∆βrz−δrτb) (4.20)
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with dτb/dz ≈ 2az0 obtained from Eq. (4.17). Combined with the dispersion relation ∆β j =
β22δ 2

j /2 for j = i,r, we obtain the reflected frequency δr:

δr =
4az0

β22
−δi

= 2Ωp0
β21

β22
−δi, (4.21)

where Ωp0 is the Raman-induced frequency shift (RIFS) of the pump at z0. Physically, Eq. (4.21)
shows that the reflected pulse’s frequency depends on the RIFS at the location z0. In the preced-
ing discussion, we considered the central frequency component of the incident probe pulse. The
reflected frequency δr calculated from Eq. (4.21) is the central frequency of the reflected pulse.

Under the linear-trajectory approximation, we can use the result from Ref. [78] and write the
reflectivity in the form:

R =
[
1+

sinh2(πD/2)
cosh2(π

√
B−1/2)

]−1
, (4.22)

where B = 8(2− fR)|β21/β22| and D = (δi − δr)T1. Besides the parameter B, the reflectivity de-
pends on D, indicating that the pump’s width T1 plays a role together with the frequency shift of
the reflected pulse. The dependence of R on D is shown in Fig. 4.5 for three values of B, where it
is shown that high reflectivity occurs for values of D roughly in the range −5 < D < 5. It seems
from Fig. 4.5 that the use of narrower pump pulses (small T1) is preferable to enhance the reflec-
tivity. However, a shorter pump pulse also experiences a larger RIFS, not a desirable feature in the
present context.

As an example, consider a probe pulse with a Gaussian shape as in Eq. (4.16). If Td is positive,
the pump pulse will slow down because of the RIFS, and the pump and probe pulses will eventually

Figure 4.5: Reflectivity as a function of D = (δi −δr)T1 for three values of B based on (4.22).
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collide, regardless of the frequency shift δi. By explicitly calculating the location z0 from Eq.
(4.18), we find the frequency difference δr −δi explicitly:

δr −δi = 2

√
δ 2

i +
4aTd

β22
. (4.23)

We can use this result in Eq. (4.22) to calculate the probe’s reflectivity. Although this method is not
rigorous, it provides a good estimate within a few percent. Its accuracy degrades for short probe
pulses with a large spectral bandwidth because the result in Eq. (4.22) only takes into account the
central frequency of the probe pulse. The linear-trajectory approximation becomes less accurate
for probe pulses wider than 10 ps. In that case, the leading part of the probe pulse experiences high
reflectivity with a small frequency shift, while the opposite occurs for the trailing part. The result
is that the central frequency of the reflected pulse is smaller than that calculated from Eq. (4.21).

From Eq. (4.23), we can see that to maximize R, we should choose δi = 0, i.e., the probe pulse
should be group-velocity matched with the pump pulse at the input end. Additionally, we want
the delay Td to be as small as possible. Its lowest value is limited by the probe pulse’s duration
because the pump and probe should not overlap at the input end. The minimum value of δr − δi
is proportional to

√
a or scales as 1/T 2

1 . As a result, D scale as 1/T1, i.e., the larger T1 is, the
higher the reflectivity becomes. However, a larger T1 implies a smaller frequency shift. Thus, a
trade-off exists between the frequency shift and the conversion efficiency. For negative values of
Td , a collision between the pump and probe pulses does not always occur. Even when the collision
occurs, the reflected pulse broadens broaden rapidly, an undesirable feature in practice.

4.4 Temporal Focusing
We have observed numerically a new feature for probe pulses reflected by a short soliton, whose
spectrum is affected by the RIFS. When a relatively long probe pulse, initially trailing the pump,
hits the pump pulse, the reflected pulse undergoes a temporal focusing phase and becomes shorter
than the incident probe pulse, before broadening again, even in a medium exhibiting normal disper-
sion at the probe’s wavelength. This behavior is shown in Fig. 4.6, where we display the temporal
focusing for a T2 = 2.5 ps pulse with delay Td = 6 ps. The pump pulse is the same as before. In
part (a), the reflected pulse gets narrower before broadening again. This is temporal focusing. We
show the reflected pulse shape at the position where it has the smallest width, and compare it with
the input pulse in (b). Clearly, the reflected pulse has a much shorter width than the input pulse.
The FWHM of the focused pulses is 0.4 ps, and the focusing ratio is 10.4. Temporal focusing is
stronger for longer input pulses. However, there are two drawbacks. The first one is that a longer
input pulse has a smaller reflectivity. The other one is that when the probe pulse becomes too long,
the focused pulse is distorted.

We can use the concept of space-time analogy introduced in Chapter 3 to understand the tem-
poral focusing seen in Fig. 4.6. The new feature in this figure is that reflection occurs at the curved
trajectory followed by the pump soliton because of the RIFS. In the spatial domain, the reflec-
tion of an optical beam at a parabolic-shape mirror corresponds to this situation. To match with
our time-domain case, the bending of the mirror should occur in only one spatial dimension (see
Fig. 4.7).
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Figure 4.6: Temporal focusing of a T2 = 2.5 ps pulse. The pulse’s temporal evolution is shown in
(a). The shapes of the focused pulse (at z = 45 m, where the reflected pulse has the smallest width)
and input pulse are given in (b).

When a Gaussian beam is obliquely incident on such a partially reflecting parabolic mirror,
the transmitted beam shape is not affected by the mirror, but the reflected beam is. As seen in
Fig. 4.7, the reflected beam undergoes a focusing phase before it broadens. These features help
us understand that reflection from a short soliton with a Raman-induced bent trajectory is the
temporal analog of focusing by a concave mirror. From scalar diffraction theory, we know that a
larger beam, when focused, can be brought down to a smaller size. This explains why temporal
focusing is stronger for a longer input pulse. The distortion seen in Fig. 4.6 is the analog of the
aberration that occurs when a large beam is obliquely incident on a parabolic mirror.

In Fig. 4.6, we considered the case where the probe pulse trails the pump pulse initially. If the
incident probe leads the pump pulse and travels slower than the pump pulse, the pump’s trajectory
acts as a convex mirror, instead of a concave mirror. In the spatial case, the reflected beam will
diverge after hitting a convex mirror. Thus, we expect the reflected pulse to become broader. An
example is shown in Fig. 4.8. The reflected pulse has a much wider spectrum and is broadening
very fast. This is consistent with our physical intuition.

4.5 Analytical Theory
In this section, we develop an analytical model for the reflected pulse spectrum and use it to discuss
the phenomenon of temporal focusing. We focus on the case where the probe pulse trails the pump
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Figure 4.7: Spatial analog: reflection of a Gaussian beam from a partially reflecting parabolic-
shape mirror.

Figure 4.8: Temporal defocusing induced by a pump soliton: (a) temporal evolution, (b) spectral
evolution. The 1135-nm probe is a Gaussian pulse with T2 = 0.5 ps and leads the pump pulse by
2.5 ps initially.

pulse initially so that the pump’s trajectory acts as a concave mirror.
The probe pulse propagates freely in a dispersive medium before and after the reflection. If we

include only the second-order dispersion, their slowly varying envelops evolve as [28]

Ai(z,τ) =
1

2π

∫
∞

−∞

Ãi(ω)exp
( i

2
β22ω

2z− iωτ

)
dω (4.24)
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Ar(z,τ) =
1

2π

∫
∞

−∞

Ãr(ω)exp
( i

2
β22ω

2z− iωτ

)
dω, (4.25)

where the second equation applies after the collision of two pulses. The incident field for the
Gaussian probe is used from Eq. (4.16). Its use allows us to calculate the initial spectrum Ãi(ω)
through a Fourier transform.

At the boundary, the reflected and the incident fields satisfy the relation:

Ar(z,τb) =
√

RAi(z,τb), τb = az2, (4.26)

where the reflectivity R is given in Eq. (4.22). Here we have assumed that the R does not change
during the whole reflection process, and we can use its value at the center of the probe pulse.
Writing Ar(z, tb) as in Eq. (4.25), we obtain

1
2π

∫
Ãr(ω)exp

( i
2

β22ω
2z− iaωz2

)
dω =

√
RAi(z,az2). (4.27)

We want to deduce the spectrum of the reflected pulse from the preceding equation. This is not
easy but can be done if we employ physical intuition. First, the right side is only non-zero near
z0. Second, the reflected spectrum Ãr(ω) is centered at δr given by Eq. (4.21). Based on these
observations, we can simplify the left side as∫

Ãr(ω)exp i(β22ω
2z/2−aωz2)dω

=
∫

Ãr(ω)exp i(β22ω
2z/2−aω(2z0z− z2

0)−aω(z− z0)
2)dω

≈ e−iaδr(z−z0)
2
∫

Ãr(ω)eiaωz2
0 exp [i(β22ω

2/2−2aωz0)z]dω, (4.28)

where we replaced ω in the term aω(z− z0)
2 with δr. As the integral is now related to an inverse

Fourier transform, the reflected pulse spectrum is found to be

Ãr(ω) = F(β22ω
2/2−2az0ω)(β22ω −2az0)

e−iaz2
0ωH(ω −2az0/β22), (4.29)

Where H(x) is the step function and F(k) is calculated using

F(k) =
√

R
∫

Ai(z,az2)eiaδr(z−z0)
2
e−ikzdz. (4.30)

Eq. (4.29) provides an approximate analytic expression for the spectrum of the reflected pulse
and is our main result in this section. The step function restricts the frequencies to the range
ω > 2az0/β22 to ensure that the reflected pulse stays on the same side of the pump pulse as the
incident pulse. To check the accuracy of Eq. (4.29), we compare in Fig. 4.9 its prediction to the
numerically obtained spectrum in Fig. 4.4. It is evident that the analytical expression agrees quite
well with the numerical results.

For an input Gaussian pulse, Ai(z,az2) can be calculated analytically. By keeping only terms
up to the second order in z− z0, the reflected pulse spectrum can be obtained in a closed form from
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Figure 4.9: Comparison of the analytically predicted and numerically simulated spectra for the
pulse reflected pulse using the parameters used for Fig. 4.4. The analytical curve is based on Eq.
(4.29). The incident pulse spectrum is also plotted as a reference.

Figure 4.10: The reflected pulse’s RMS pulse width as it propagates. The parameters are the same
as in Fig. 4.4. The numerical RMS pulse width obtained directly is compared with the RMS pulse
width predicted by the Gaussian approximation Eq. (4.32).
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Figure 4.11: Simulation result of a short probe pulse collimated by the Raman soliton.

Eq. (4.29). To simplify the notation, we define a complex q parameter for a Gaussian pulse similar
to that for a Gaussian beam and write its spectrum as

Ã j(ω) ∝ exp[−q j(ω −ω0)
2/2], ( j = i, r). (4.31)

The reflected pulse is found to be approximately Gaussian with its central frequency at δr. The
q parameter of the reflected pulse right after the reflection is given by (for detailed derivation, see
Appendix):

1
qr(z0)

=
1

qi(z0)
− 8ia

β 2
22(δr −δi)

, (4.32)

where qi(z0) = T 2
2 − iβ22z0 is the q parameter of the probe right before the reflection. This equation

is similar to the transformation law for the q parameter of Gaussian beams. It shows that the space-
time duality between the beams and pulses holds even for the q parameter. Using Eq. (4.32),
we can find the spectral and temporal shapes of the reflected pulse. To check the accuracy of the
Gaussian approximation, we compare in Fig. 4.10 the analytic prediction of the root-mean-square
(RMS) width of the reflected pulse with the numerical values obtained from the simulation shown
in Fig. 4.4. One can conclude that the Gaussian approximation works reasonably well.

Eq. (4.32) can be used to understand the temporal focusing phenomenon discussed earlier. For
a longer incident pulse, qi(z0) ≈ T 2

2 , and the second term of Eq. (4.32) gives rise to a positive
imaginary part of qr(z0). This corresponds to a negative chirp, and as it propagates, the chirp gets
compensated by the dispersion and the pulse becomes shorter than the incident pulse.

One interesting phenomenon occurs when a shorter input probe pulse is considered. In this
case, the imaginary part in qi(z0) cannot be neglected, resulting in a positive imaginary part in
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1/qi(z0). This imaginary part can be cancelled by the second term in Eq. (4.32). In Fig. 4.11,
we show such a result. The input pulse is a short pulse with T2 = 200 fs. The frequency shift
from the reference frequency δi/(2π) = −1.42 THz and the delay is 3.69 ps. In Fig. 4.11(a), we
see that, before the reflection, the pulse is broadening very fast because it’s short. After hitting
the boundary and reflecting, the reflected pulse maintains its width without broadening. This is
the temporal analog of collimation. Physically, the chirp generated during the propagation gets
canceled by the reflection on a curved boundary. In the spectral domain, part (c) shows that the
reflected pulse has a much smaller spectral width than the incident pulse. This suggests that it may
be possible to use this phenomenon to realize spectral compression.

4.6 Conclusion
In this chapter, we performed a more realistic study of temporal reflection. We discussed how to
create the boundary of index change via a pump-probe scheme, and how to choose the pump and
probe wavelengths based on the dispersion properties of the medium.

We utilized the pulse propagation equation to model the pump-probe interaction in the medium,
with an optical fiber as an example. We considered using an optical soliton as a pump pulse to
create the index boundary, and showed that the Raman scattering induces a continuous red shift
and deceleration of the soliton, resulting in a boundary with deceleration.

We further numerically studied the temporal reflection of the probe pulse on this type of de-
celerating boundary. We observed that the reflected pulse becomes narrower under conditions
that lead to a novel type of temporal focusing. This phenomenon is explained through space-time
duality based on the similarity between the pulse propagation in a dispersive medium and beam
propagation in the paraxial approximation. We showed that the temporal situation in our case is
analogous to an optical beam incident obliquely on a parabolic mirror. Using this physical pic-
ture, we showed that temporal reflection can lead to focusing, defocusing, or collimation of optical
pulses, just like a curved mirror can do so for optical beams. We were able to obtain an approxi-
mate analytic expression for the reflected pulse’s spectrum and use it to derive the temporal version
of the transformation law for the q parameter associated with Gaussian beams.

It is worth noting that similar effects should also take place if the pump pulse accelerates or
decelerates for some other reasons, for example, if it is an Airy pulse [79], or if the optical fiber
changes its property along the propagation direction, such as using a tapered fiber.

We would also like to point out that the interaction of Raman soliton with a probe pulse was also
discussed in [80, 81]. They focused on a more mathematically involved treatment. The discussion
in this chapter provides a more intuitive picture to understand the physics.
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Chapter 5

Temporal Waveguides

In the previous chapters, we introduced and analyzed temporal reflection that takes place when a
moving boundary of refractive index is created inside a dispersive medium. As shown in Chapter
3, under appropriate condition, total reflection can take place. Based on this idea, Plansinis et
al. [23, 24] showed that two moving boundaries that are separated in time can form a temporal
waveguide that confines pulses to the time window created by the two boundaries. Similar to
a spatial waveguide, such a temporal waveguide has a set of modes with different shapes that
propagate inside the temporal waveguide without any distortion.

For a temporal waveguide, if we consider using two short solitons to create the boundaries,
similar to what we discussed in Chapter 4, we also need to take into account the deceleration of
these solitons as the result of Raman-induced red shift.

When two Raman solitons are created by a pair of short identical pump pulses, separated in
time by a fixed delay, they form a temporal waveguide that is different from the waveguides studied
earlier [24]. Because of intrapulse Raman scattering, both Ramam solitons slow down identically,
and the temporal window associated with the waveguide shifts in time continuously. In this chapter,
we study the evolution of a trapped probe pulse in such a decelerating temporal waveguide. We
show that this type of temporal waveguide is analogous to a spatial waveguide whose core is curved
or bent. Similar to the spatial case, the bending leads to coupling among different modes of the
waveguide. We show that a trapped probe pulse undergoes periodic changes in its shape resulting
from mode coupling, while its spectrum blue-shifts continuously to ensure that its speed matches
the speed of pump pulses. We develop an analytic approach based on coupled-mode theory and
show that its predictions agree well with the numerical results.

It is also worth mentioning some of the relevant research. In the context of supercontinuum
generation in optical fibers, the trapping of dispersive wave by a soliton can occur under certain
conditions [82, 83, 84, 85, 86, 87, 88]. Our study here has similar physics, but our analysis provides
additional insight.
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Figure 5.1: Cited from [23]. Simulation of Eq. (5.1). The input pulse is a Gaussian pulse.

5.1 Modeling of Temporal Waveguides
First, we briefly discuss the idea of a temporal waveguide proposed by Plansinis et al [23]. They
used the pulse propagation equation given in Eq. (3.4):

∂A
∂ z

+∆β1
∂A
∂τ

+
iβ2

2
∂ 2A
∂τ2 = iB(τ)A, (5.1)

To form a temporal waveguide, they considered a rectangle function for B(τ):

B(τ) =

{
βB , if |τ|< TB

0 , otherwise.
(5.2)

This profile of index change contains two boundaries, and total reflection can take place at the
two boundaries back and forth, similar to the ray reflecting on the interface of core-cladding in an
optical fiber.

In Ref. [23], the numerical simulations based on Eq. (5.1) were used. We show the figure here
in Fig. 5.1 taken from Plansinis’ work. We can see that the incident pulse undergoes cascaded
temporal reflections with the two boundaries, trapping the pulse between the two boundaries. We
can view this as the temporal analog of a spatial waveguide. Similar to a spatial waveguide, a
temporal waveguide also has several supported modes. These modes are specific pulse shapes that
do not distort during propagation in the temporal waveguide.
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5.2 Raman-induced Bending of a Temporal Waveguide
If we consider the two boundaries of the waveguide created by two solitons, we need to study the
propagation of the two solitons as well as the probe pulse trapped between the solitons. We will
use the models we introduced in Chapter 4. The equations governing the pump (soliton) and probe
pulses’ propagation are given by Eqs. (4.12) and (4.13). We numerically solve these equations
with the input:

A1(0,τ) =
√

P1

[
sech

(
τ −∆T/2

T1

)
+ ei π

2 sech
(

τ +∆T/2
T1

)]
, (5.3)

A2(0,τ) =
√

P2 exp
(
− τ2

2T 2
2

)
, (5.4)

where ∆T is the separation between the two pump pulses of width T1. Their peak power is chosen
such that P1 = |β21|/γT 2

1 corresponds to a fundamental soliton. The 90◦ phase shift between the
two pump pulses is introduced to prevent any nonlinear interaction between them [28]. The probe
pulse has a Gaussian shape and its width T2 is chosen to be considerably larger than that of pump
pulses. In contrast, the peak power P2 of the probe is much smaller compared to that of the pump
pulses to prevent its influence on the pump pulse.

As a specific example, we choose T1 = 200 fs, T2 = 1 ps, and ∆T = 5 ps. The width of the
probe pulse approximately matches the fundamental mode of the temporal waveguide formed by
two pump pulses. The values of dispersion parameters, β21 = −β22 = −13.4 ps2/km and β31 =
β32 = 0.07 ps3/km, correspond to a silica fiber pumped at 1500 nm. All dispersion terms higher
than third order were neglected in our simulations. The nonlinear coefficient γ is 2 W−1 · km−1.
Figure 5.2 shows the temporal and spectral evolution of the pump (top) and probe (bottom) pulses
for a 1-km-long fiber. As expected, the spectrum of pump pulses continuously red-shifts because
of intrapulse Raman scattering. In the time domain, the trajectory of pump pulses is bent in a
parabolic fashion because their deceleration caused by the spectral red shift produces a time delay
varying as z2. These are the same for the single soliton case discussed in the previous chapter.

The evolution of the probe pulse in Figure 5.2(c) shows clearly that it is trapped within the
temporal waveguide formed by two solitons. In the absence of pump pulses, the probe’s trajectory
would be vertical, its spectrum would remain unchanged, and its width would increase because of
dispersion. When the two pump pulses form a waveguide, the probe pulse is trapped between them
and is forced to decelerate with them. In the spectral domain, the probe’s spectrum shifts toward
higher frequencies (a blue shift), and this shift is required for its speed to decrease. An interesting
feature seen in Fig. 1(d) is that, although the pump’s spectrum red-shifts linearly with distance, the
probe’s spectrum does not do so. It exhibits a periodic evolution pattern in addition to the blue shift.
In the time domain, the probe pulse also changes its shape in a periodic fashion. To understand the
origin of these features, we develop a semi-analytic approach in the next section. It reveals that the
decelerating temporal waveguide is the temporal analog of a bent (or curved) spatial waveguide.
The periodic spatial and temporal features result in both cases from the coupling between the
waveguide’s modes induced by such bending.
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Figure 5.2: Temporal (a, c) and spectral (b, d) evolutions of pump (top) and probe (bottom) pulses
over a 1-km-long fiber. The probe pulse is trapped within the temporal waveguide formed by two
Raman solitons. The intensity is plotted on a logarithmic (dB) scale.

5.3 A Non-inertial Reference Frame
If the probe pulse is weak enough, and the two solitons are separated far enough that they do not
interact, then each soliton’s evolution is governed by Eq. (4.6). The probe pulse propagation is
still given by Eq. (4.14), except that b(z,τ) contains a contribution from two solitons.

Since the soliton experiences a quadratic delay as it propagates down as a result of Raman red
shift, we introduce a non-inertial frame where the soliton now appears stationary:

τ̃ = τ −az2. (5.5)

In this frame, the temporal shape of each pump pulse power does not change with z, i.e., |A1(z, τ̃)|2 =
|A1(0, τ̃)|2. Eq. (4.14) then is transformed into:

∂A2

∂ z
−2az

∂A2

∂ τ̃
+

i
2

β22
∂ 2A2

∂ τ̃2 = ib(τ̃)A2, (5.6)

where we kept only the dominant m = 2 dispersion term and defined b(τ̃) as

b(τ̃) = 2γ(1− fR)|A1(τ̃)|2 + γ fR

∫
∞

−∞

hR(τ̃
′)|A1(τ̃ − τ̃

′)|2dτ̃
′

≈ γ(2− fR)|A1(τ̃)|2. (5.7)
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Figure 5.3: First two modes of the temporal waveguide formed by two solitons with T1 = 0.2ps
and ∆T = 5ps.

The approximate form of b(τ̃) holds for probe pulses considerably wider than pump pulses.
We use Eq. (5.6) in the next section to find the waveguide modes and to study the Raman-

induced coupling among them. If the second term containing the parameter a is absent in this
equation, its form becomes identical to the one-dimensional Schrödinger equation, with z playing
the role of time and b(τ̃) acting as the potential created by the pump pulses. The term containing
a results from the use of a non-inertial frame and its dependence on z makes the Hamiltonian
“time-dependent.” It perturbs a temporal waveguide such that its modes keep changing with z.

5.4 Coupled-Mode Equations
We write Eq. (5.6) in the form of a Schrödinger equation as

−i
∂A2

∂ z
= Ĥ(z)A2(z, τ̃), (5.8)

where the Hamiltonian is given by

Ĥ(z) =−β22

2
∂ 2

∂ τ̃2 −2iaz
∂

∂ τ̃
+b(τ̃). (5.9)

Recalling that z plays the role of time and τ̃ that of a spatial coordinate, Eq. (5.8) shows that we are
dealing with a time-dependent Hamiltonian. We can find the eigenmodes of this Hamiltonian for
any value of z, but they will evolve with z. We adopt the approach used for a harmonic oscillator
whose frequency varies with time [35].

Let ψp(z, τ̃) be the pth eigenmode of the Hamiltonian with the eigenvalue ∆βp(z), i.e.,

Ĥ(z)ψp(z, τ̃) = ∆βp(z)ψp(z, τ̃). (5.10)

The eigenmodes at z = 0 can be found numerically using the same parameters as those in Fig. 5.2.
The first and second-order modes are shown in Fig. 5.3. The two modes resemble the eigenmodes
of a quantum well because each soliton acts as a high-index barrier.
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In Eq. (5.9), the second term containing az has its origin in the group-velocity mismatch be-
tween the pump and probe pulses. This mismatch can be compensated if the probe pulse shifts its
frequency to match the group velocity of the pump. Based on this concept, the eigenmodes and
eigenvalues of Eq. (5.10) at any distance z are found to be

ψp(z, τ̃) = ψp(0, τ̃)exp(−i2azτ̃/β22) (5.11)

∆βp(z) = ∆βp(0)−2a2z2/β22. (5.12)

It is easy to conclude that the temporal shape of the eigenmodes does not change on propagation,
but they undergo a frequency shift that increases linearly with the propagation distance. This shift
has its origin in the linear red shift of pump pulses resulting from intrapulse Raman scattering.
However, its sign is opposite to that of pump pulses, indicating that the mode frequencies shift
toward the blue side.

Let us consider the situation in which a specific eigenmode, say ψp(0, τ̃), is excited at the input
end of the temporal waveguide. If Ĥ(z) changes slowly enough that the adiabatic approximation
holds, this mode will evolve to become ψp(z, τ̃), without coupling to other modes [35]. From Eq.
(5.12), the mode shape will not change even though its frequency will shift toward the blue side.

In general, a probe pulse will excite multiple modes of the temporal waveguide, and its shape
will change because of the coupling among different modes taking place during its propagation.
To study this mode coupling, we decompose the probe pulse into the eigenmodes of Ĥ(z) as

A2(z, τ̃) = ∑
p

Cp(z)ψp(z, τ̃). (5.13)

Using this expansion in Eq. (5.8), we obtain

∑
p

dCp

dz
ψp +∑

p
Cp

∂ψp

∂ z
= i∑

p
Cp∆βpψp (5.14)

After decomposing ∂ψp/∂ z in terms of the eigenmodes, we obtain the following evolution equa-
tion for the modal amplitudes [35]:

dCp

dz
+∑

n
dpnCn = iCp∆βp, (5.15)

where dpn =< ψp|∂ψn
∂ z > is given by

dpn =−2ia
β22

∫
∞

−∞

τ̃ψ
∗
p(0, τ̃)ψn(0, τ̃)dτ̃ =−2ia

β22
Tpn. (5.16)

Noting that ψp(0, τ̃) is real, Tpn is defined as

Tpn = Tnp =
∫

∞

−∞

τ̃ψp(0, τ̃)ψn(0, τ̃)dτ̃. (5.17)

The last term in Eq. (5.15) can be eliminated with the transformation:

Cp(z) = Ep(z)exp
(

i
∫ z

0
∆βp(z′)dz′

)
. (5.18)
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Figure 5.4: Temporal evolution of probe pulse in the non-inertial frame with the same parameter
values used in Fig. 5.2. Left: solution of Eq. (5.6). Right: solution based on the coupled-mode
equations in Eq. (5.19).

In terms of Ep, the set of coupled-mode equations takes the form:

dEp

dz
=

2ia
β22

∑
n

TpneibnpzEn, (5.19)

where bnp is defined as

bnp = ∆βn(z)−∆βp(z) = ∆βn(0)−∆βp(0). (5.20)

This set of relatively simple equations governs the Raman-induced coupling of the modes of a
temporal waveguide. Notice that only the difference of initial eigenvalues at z = 0 appears in
Eq. (5.20) because all eigenvalues change with z by the same amount in Eq. (5.12). Note that in this
case, there is no geometrical phase because Tnn = 0 from the parity symmetry of the eigenmode.

Using the same parameter values used for Fig. 5.2, we simulated the probe pulse propagation
in the non-inertial frame in two different ways. The results are shown in Fig. 5.4, where we plot
the temporal evolution of the probe pulse in a 1-km-long fiber. On the left side, we solved directly
the wave equation given in Eq. (5.6). Results shown on the right side were obtained by solving
the coupled mode equations in Eq. (5.19). In both cases, white dashed lines show the trajectories
of the pump solitons that become vertical (no temporal shift) in the non-inertial frame used here.
The probe pulse, trapped between the two pump solitons, undergoes periodic changes in its shape,
which become more apparent in the non-inertial frame, compared to the results shown in Fig. 5.2.
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Figure 5.5: Changes occurring with distance in the distribution of pulse’s energy among different
modes. Parameter values are the same as in Fig. 5.2.

The excellent agreement between the two approaches verifies the accuracy of our coupled-mode
equations and justifies the approximations made in their derivation.

It should be apparent from Eq. (5.19) that |Ep(z)|2 is a good measure of the fraction of energy
of the probe pulse in a specific mode of the temporal waveguide at a distance z. Changes in the
distribution of energy in different modes of the waveguide are shown in Fig. 5.5. As seen there,
even though the first mode carries most energy initially at z = 0, coupling of this mode to higher-
order modes leads to transfer of energy to other modes in a periodic fashion. This energy transfer
manifests as periodic changes in the probe pulse’s shape in Fig. 5.4. However, the total energy of
all the modes is conserved during the propagation. This is because the probe pulse remains trapped
during propagation and there is no energy exchange between the pump and probe.

5.5 Model Based on Two Modes
Mode coupling is an undesirable feature for practical applications. For example, the blue shift of
the probe’s spectrum can be useful for frequency conversion applications. However, because of
mode coupling, probe pulse’s spectrum does not shift to the blue side in a controlled fashion. In
this section, we use the coupled-mode equations to find the conditions under which coupling of the
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fundamental mode to its neighboring modes can be largely suppressed. In this situation, a temporal
waveguide can be used to shift the probe’ spectrum toward the blue side in an adiabatic fashion.

We have seen in Section 5.4 that the evolution of a probe pulse is governed by a z-dependent
Hamiltonian. When the Hamiltonian changes slowly with z, the fundamental mode evolves adia-
batically, without coupling to neighboring modes of the waveguide. Close to this adiabatic limit,
mode coupling is relatively weak, and the fundamental mode should couple only to the second
mode. This suggests that we can get considerable physical insight by considering only the first two
modes in Eq. (5.19) and solving the following set of two coupled equations:

dE1

dz
=

2ia
β22

T12eib21zE2,
dE2

dz
=

2ia
β22

T12e−ib21zE1. (5.21)

The preceding equations are identical to those obtained for a directional coupler and can be
solved easily because of their linear nature. Assuming that only the fundamental mode is excited
at the input end, the energy in the second-order mode is found to be

|E2(z)|2 = |E1(0)|2
(4aT12

β22K

)2
sin2 Kz

2
(5.22)

where
K =

√
b2

21 +(4aT12/β22)2. (5.23)

Similar to a directional coupler, the mode’s energy oscillates with z with the period Lp = 2π/K and
becomes maximum in the middle of each period. Using Eq. (5.22), the maximum energy fractional
energy in the second order mode is

|E2(z)|2max
|E1(0)|2

=
F

1+F
, (5.24)

where the parameter F is introduced as

F = (4aT12/β22b21)
2. (5.25)

When a temporal waveguide is designed to ensure F ≪ 1, almost all energy of the probe pulse
remains in the fundamental mode, and the mode evolves in an adiabatic fashion. When F becomes
close to 1, the fundamental mode does not evolve adiabatically. The two-mode model ceases to
apply for F > 1 because coupling to higher-order modes cannot be ignored. For the results shown
in Figs. 5.4 and 5.5, the estimated value of F is 6.5. It is evident that more than two modes should
be included for such large values of F . The main conclusion is that the mode coupling can be made
negligible by ensuring that F ≪ 1.

The expression for F in Eq. (5.25) depends on T12, whose value can be calculated from
Eq. (5.17) but requires the mode profiles that must be obtained numerically. To estimate the values
of F as simply as possible, we assume that pump pulses are so short compared to the probe pulse
that we can treat the waveguide as a quantum well of width ∆T , surrounded by walls of infinite
potentials. The eigenfunctions and eigenvalues of such a quantum well are known in an analytic
form, and they can be used to find the parameters T12 and b21 in Eq. (5.25). The use of these
parameters leads to the following expression for F :

F ≈ 1.68×10−4T 2
R ∆T 6/T 8

1 . (5.26)
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Figure 5.6: (a) Temporal and (b) spectral evolution of a probe pulse (T2 = 0.5 ps) inside a temporal
waveguide with ∆T = 2.5 ps.

We stress that Eq. (5.26) provides only a rough estimate of F and should be used only for a quali-
tative understanding. To estimate the numerical value of F for optical fibers, we use the TR = 3 fs.
F depends both on the widths and spacing of two pump pulses used as temporal boundaries. High
powers of both of these parameters in Eq. (5.26) indicates that mode coupling is very sensitive
to the values of both of them. To make F small, we need to either increase T1 or decrease ∆T .
Increasing T1 decreases the Raman-induced red shift and reduces bending of the waveguide. In
practice, the delay ∆T between the two pump pulses is easily controlled. Its lower values reduce
the waveguide’s width and increase the difference in eigenvalues of different waveguide modes.

As seen in Eq. (5.26), F varies as (∆T )6. Thus, decreasing ∆T by 50% should suppress
mode coupling significantly for the situation shown in Fig. 5.5. We keep all other parameters the
same but choose ∆T = 2.5 ps and T2 = 0.5 ps. The results are shown in Fig. 5.6. The temporal
evolution of the probe pulse should be compared to that in Fig. 5.4. Clearly, distortion of the probe
pulse is reduced considerably. Note also that the probe’s spectrum shifts toward the blue much
more smoothly. The value of the parameter F is 0.0648 for the parameters used here. As F ≪ 1,
the modal coupling should be relatively weak. This is indeed the case in Fig. 5.7, where the
fractional energy of each mode is shown as a function of z using the coupled-mode equations. The
fundamental mode dominates, and only a small fraction of its energy is transferred to the second
mode in a periodic fashion. The results of the two-mode theory Eq. (5.22) agree well with the
solution of the full coupled mode equations Eq. (5.19) for such small values of F .

For completeness, we also consider the strong-coupling case by increasing the separation be-
tween the two pump pulses to 10 ps. The resulting temporal waveguide supports a large number of
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Figure 5.7: Mode energies evolution in a 2.5ps temporal waveguide in Fig. 5.6. Dashed lines show
the result from the two-mode theory.

modes. The parameter F is 546 for this waveguide, indicating that mode coupling would lead to
pulse distortion that is much more severe than that seen Fig. 5.4. The results are shown in Fig. 5.8
for a probe pulse with T2 = 2 ps. Coupling among a large number of modes distorts the shape of
probe pulses severely, and the pulse’s spectrum does not blue shift in a regular fashion.

5.6 Conclusion
In this chapter, we have studied the propagation of optical pulses inside a temporal waveguide,
formed by two short pump pulses solitons acting as high-index barriers. The wavelength of pump
pulses is chosen such that they form solitons inside a dispersive nonlinear medium such as an
optical fiber. The solitons are short enough that they decelerate as their spectra shift continuously
toward the red side because of intrapulse Raman scattering. We show that the temporal waveguide
formed by such solitons is not stationary, and the situation is analogous to a three-layer waveguide
whose core is curved in space.

We use the coupled pump-probe equations to show that a probe pulse shifts its spectrum toward
the blue side to match its speed with that of pump pulses so that it remains trapped inside such a
temporal waveguide. However, the shape of the probe pulse evolves in a periodic fashion inside
the waveguide. To understand this behavior, we make use of a non-inertial reference frame for
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Figure 5.8: (a) Temporal and (b) spectral evolution of a probe pulse (T2 = 2 ps) inside a temporal
waveguide with ∆T = 10 ps.

the probe pulse and find the eigenmodes and eigenvalues of the curved waveguide in this frame.
We use these modes to develop a set of coupled-mode equations, showing that shape changes
occur because of mode coupling induced by the Raman-induced deceleration of pump solitons
used to make the waveguide. A simplified two-mode model is used to introduce a single parameter
governing modal coupling and to find the condition under which coupling becomes weak enough
that the probe pulse blue-shifts its spectrum without changes in its pulse shape.

From a practical standpoint, our study shows that the effects of stimulated Raman scattering
must be considered when two femtosecond pump pulses with a fixed separation are employed to
form a temporal waveguide that traps a probe pulse between the two pump pulses. The spectral
blue shift of the probe pulse in such a waveguide can be useful for applications that require a
tunable source of short pulses. It is difficult to change the wavelength of low-energy pulses. The
technique used in this work transfers the Raman-induced red shift of pump pulses to probe pulses
through cross-phase modulation as a blue shift, whose magnitude can be controlled by adjusting
the width and spacing of pump pulses used to form the waveguide.
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Chapter 6

Experiments on Temporal Waveguides

Starting from this chapter, we discuss the experimental work on temporal reflection. In this chapter,
we study the temporal waveguide that is closely related to the discussion in Chapter 5.

In Chapter 5, we considered a temporal waveguide formed by two Raman solitons. In some
situations, such as the result shown in Fig. 5.8, essentially only a single soliton is interacting with
the probe pulse that is trapped by it. This observation suggests that a single Raman soliton is
enough to create a temporal waveguide for the probe pulse.

In this chapter, we demonstrate the formation of such a temporal waveguide in a photonic
crystal fiber (PCF) used as a nonlinear dispersive medium. By launching the pump and probe
pulses at wavelengths on opposite sides of the PCF’s zero-dispersion wavelength, we show that
the probe pulse is forced to move at the speed of the pump pulse, whose speed keeps decreasing
because of a continuous red-shift of its spectrum produced by the process of intrapulse Raman
scattering [28]. A consequence of this speed matching is that the probe pulse undergoes a spectral
blue shift all along the fiber, becoming as large as 70 nm at the end of the PCF in our experiment.
As the amount of blue shift depends on the fiber’s length and on the pump pulse’s energy, this
technique can be useful for tunable wavelength conversion of weak probe pulses, with potential
applications in optical signal processing and quantum optics [89, 90].

6.1 Numerical Simulations
Here, we present some numerical simulations. As before, we used the following generalized non-
linear Schrödinger’s equation for numerical simulations:
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This equation has the same form as in Eq. (4.4), but terms have been added to include higher order
dispersion and self steepening [28].

The fiber dispersion parameters are obtained by measuring the wavelength dependence of the
group index of the PCF that we used for our experiment. This fiber is a piece of photonic crystal
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Figure 6.1: Measured group index of our PCF plotted as a function of frequency. The dashed
vertical line marks its zero-dispersion frequency (wavelength 738 nm). Two dots at the bottom
mark the initial central frequencies of the pump and probe pulses. Two arrows show changes in
these frequencies during their propagation inside the PCF.

fiber (PCF) from purchased from IXblue (Part number IXF-SUP-2-135). We used the white light
interferometry technique for this measurement [91, 92]. The details of the dispersion measurement
are provided in Appendix B. Fig. 6.1 shows the dispersion profile by plotting measured values of
its group index as a function of frequency. The dispersion parameters are obtained by performing
a polynomial fit of β1 = ng/c, with ng being the group index of the fiber mode and c being the
speed of light in vacuum. The nonlinear coefficient γ = 105 W−1km−1 is given by the fiber’s
manufacturer. The reference frequency ω0 corresponds to the wavelength of 800nm used for our
input pump pulse. This wavelength is in the anomalous dispersion region of the PCF, allowing the
pump to form a soliton.

Similar to the discussion in Chapter 4, the probe pulse wavelength is chosen so that it lies in
the normal dispersion region and has a group velocity close to that of the input pump pulse. We
used 683ñm in our case (also see Fig. 6.1).

Fig. 6.2 shows the results of numerical simulations based on Eq. (6.1) with the parameters
appropriate for our experiment. The pump pulse at 800 nm is launched into the 3.75-m-long PCF
and its full width at half maximum (FWHM) is about 110 fs. It forms a higher-order soliton
(estimated soliton order 4.6). The probe pulse at 683 nm has a Gaussian shape with a FWHM of
137 fs (bandwidth 5 nm) and its group velocity is nearly matched to that of the pump pulse. The
energy of the probe pulse was about 10% of the pump pulse. The low probe pulse energy ensures
that the probe has negligible impact on the pump. Dispersion parameters were obtained by fitting
a polynomial to the measured dispersion data in Fig. 6.1.

As seen in Fig. 6.2, the higher-order soliton undergoes the process of soliton fission within
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Figure 6.2: Numerical simulations for a Raman-induced temporal waveguide. The probe pulse
follows the pump’s trajectory because of its Raman-induced deceleration. Spectral evolution at the
bottom shows the red and blue shifts of the pump and probe pulses.

the first 20 cm of the PCF [28]. A short fundamental soliton is formed after the fission, which
experiences intrapulse Raman scattering and deceleration, leading to a bent trajectory in the time
domain. The probe pulse follows this trajectory through temporal reflections while changing its
frequency in a zigzag fashion. The net result is that a Raman-induced temporal waveguide is
formed that guides the probe pulse along the pump’s trajectory. As the pump’s spectrum red-shifts,
the spectrum of the probe pulse shifts toward the blue side because the two pulses experience
opposite kinds of dispersion. The final frequencies of the pump and probe at the end of the PCF
are shown by two arrows in Fig. 6.1.

One can view the Raman-induced waveguiding process as a cascade of temporal reflections
along the fiber’s length. As the pump pulse slows down near the front end of the fiber, the probe
reflects off the pump for the first time and blue-shifts its frequency to move slower than the pump
pulse. However, after this first reflection, the pump pulse keeps slowing down and a second reflec-
tion occurs that shifts the probe’s frequency further to the blue side. This process keeps repeating
along the fiber’s length. The net result is that a cascade of temporal reflections keeps the pump and
probe pulses moving together along the entire length of the fiber. This interpretation is justified by
the zigzag pattern of the blue shifts of the probe seen in Fig. 6.2, which is very different from the
smooth spectral red shift of the pump. The total blue shift at the output end is such that the group
velocities of the probe and pump pulses are nearly the same. In addition to the blue shifted probe
pulse, we still see some remaining unconverted probe. This is expected because a small portion of
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probe can still tunnel through the pump pulse since it has a finite temporal width. This tunneling
can be understood from the analogy between the 1-dimensional quantum scattering problem (See
Sec. 3.2). The pump pulse forms a potential barrier that is experienced by the probe pulse. Since
this barrier has a finite width, some tunneling should be expected.

6.2 Experimental Setup and Results
Fig. 6.3 shows the experimental setup schematically. A Ti:sapphire laser-pumped regenerative
amplifier (Coherent, Astrella) emits a 1-kHz train of 100-fs pulses at 800 nm. Half of each pulse’s
energy pumps an optical parametric amplifier (OPA). The OPA generates white light from a small
portion of the pump as seed and amplifies this seed through nonlinear wave mixing. Its output
wavelengths are tunable over a wide range. A bandpass filter is used to reduce the spectral band-
width to about 5 nm. We selected 683-nm probe pulses from the OPA and combined them using
a beam splitter with the 800-nm pump pulses that were delayed suitably using a translation stage.
The resulting beam is focused onto the 3.75 m-long PCF, and the spectrum of its output is mea-
sured with a spectrometer (Ocean Optics, USB2000+). A flip mirror sends the two beams to a BBO
crystal for sum-frequency generation (SFG). The output is passed through a short-pass filter and
sent into a spectrometer for UV detection. The SFG signal is used to synchronize the pump and
probe pulses. The linear polarizer before the PCF ensures that the two pulses have the polarization
direction that is aligned with one of the principal axes of the PCF. A half-wave plate is used in the
pump beam’s path to change the peak power of pump pulses.

Figure 6.4 shows the measured spectra from the PCF’s output in three situations. When only the
pump pulse with energy of about 18pJ is launched, the spectrum in part (a) contains two dominant
peaks centered at 800 nm and 866 nm. The second peak corresponds to a fundamental soliton,
formed after the fission of the pump pulse at a short distance into the PCF. Intrapulse Raman
scattering has the most impact on this soliton, and its spectrum red-shifts all along the PCF. The
remaining energy of the pump pulse appears as a peak around 800 nm. Experimentally, the main
output soliton has an energy of about 12.3pJ while the simulation would predict an output Raman

Figure 6.3: Experimental setup. OPA: Optical parametric amplifier. BPF: bandpass filter. HWP:
half-wave plate. LP: linear polarizer. PCF: photonic crystal fiber. SFG: sum frequency generation.
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Figure 6.4: Measured output spectra under different conditions. (a) Only the pump or probe pulse
is sent through the PCF. (b) Both pump and probe pulses are sent through the PCF. Data are
averaged over 25000 pulses.

soliton (with the same amount of Raman shift) with energy of 15pJ. The agreement is reasonable
and the discrepancy probably comes from the uncertainty in the simulation’s parameter as well
as some possible losses in the experiments. Experimentally, we did not accurately measure the
pulse energy for every case. Instead, it is more reliable to keep track of the Raman red shift of the
main soliton. The reason is that the soliton’s Raman red shift (with a given length), which can be
more easily measured accurately, is determined by the soliton’s energy, and therefore determines
the trajectory and evolution of the soliton. This determines the interaction of the probe pulse with
this soliton.

When only probe pulses are launched at 683 nm, a single peak at this wavelength is observed.
When both the pump and probe pulses are launched together into the PCF, as seen in Fig. 6.4(b),
the output spectrum has a new blue-shifted peak at 631 nm. As expected, two peaks on the right
side, formed through fission of the pump pulse, are not affected much by the probe pulse. In
contrast, considerable energy of the probe pulse is blue-shifted to near 631 nm. It can be seen
from Fig. 1, that the group velocity at this wavelength matches with that of the red-shifted soliton
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Figure 6.5: Measured output spectra for three values of average pump pulse energy. Data are
averaged over 2500 pulses.

at 866 nm. This matching indicates that a Raman-induced temporal waveguide is indeed formed
inside our PCF.

The final wavelength of the probe pulse at the PCF’s output depends on the peak power of
the soliton formed after the fission of pump pulses. We have verified this feature by varying the
average pump power launched into the PCF. Figure 6.5 shows the measured spectra at three power
levels. As we increase the pump power, the soliton’s red shift becomes larger. As a result, the blue
shift of probe pulses also becomes larger because of their Raman-induced temporal waveguiding.

The magnitude of the blue shift is set by the condition that the pump and probe pulses travel at
the same speed inside the PCF. To verify this feature, we plot In Fig. 6.6 the measured blue-shifted
wavelength as a function of the output wavelength of the soliton (circles). The soliton’s wavelength
is determined by fitting the spectrum to that of a “sech” pulse, while the probe’s wavelength is
based on the center-of-mass estimate. The solid line is obtained from the dispersion data shown in
Fig. 1. It is evident that the probe’s blue-shifted wavelength agrees quite well with the prediction
based on group-velocity matching. The excellent agreement seen in Fig. 6.6 is an indirect proof
that a Raman-induced temporal waveguide did indeed form in our experiments.
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Figure 6.6: Probe’s output wavelength plotted as a function of soliton’s wavelength (circles). The
solid line is the prediction based on the dispersion data in Fig. 1.

6.3 Conclusion
In this chapter, the formation of a Raman-induced temporal waveguide is demonstrated by launch-
ing short pump and probe pulses inside a photonic crystal fiber at wavelengths that lie on the
opposite sides of the zero-dispersion wavelength of the fiber. Under such conditions, the pump
pulse creates a fundamental soliton whose speed changes continuously owing to its deceleration
through the Raman-induced red shift of its spectrum. We show that the spectrum of the probe
pulse is blue-shifted in a zigzag fashion along the fiber to ensure that the two pulses keep moving
at nearly the same speeds over the entire length of the fiber. The output wavelengths of the pump
and probe pulses depend on the peak power of input pump pulses and their measured values agree
with the predictions based on the measured dispersion data. Numerical modeling also shows good
agreement with the experimental results.

We explain the Raman-induced waveguiding process as a cascade of temporal reflections along
the fiber’s length that keeps the pump and probe pulses moving together along the entire length of
the fiber. This interpretation is justified by the zigzag pattern of the blue shifts of the probe seen in
Figure 6.2. The blue shift of probe pulses may be useful for tuning the wavelength of low-energy
optical pulses toward the blue side using a suitable pump laser. Although four-wave mixing can
also be used for this purpose, its use requires phase matching. In contrast, our scheme makes use
of intrapulse Raman scattering of pump pulses, which does not require phase matching. It is the
formation of a temporal waveguide that transfers the pump’s Raman-induced red-shift to the probe
pulses as a blue shift. Our experiment shows that this shift can approach 100 nm in the visible
region.
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Chapter 7

Probing the Boundary’s Trajectory

In the previous chapter, we studied the interaction of a probe pulse with a decelerating boundary,
when the incident probe pulse lags the boundary initially. As a result, the probe pulse is reflected
from the boundary in a cascaded fashion as the boundary slows down, leading to the trapping of
the probe pulse.

In this chapter, we study the case where the incident probe pulse leads the boundary, but travels
slower than the initial speed of the boundary. Fig. 7.1 illustrates the interaction using three pulses
with different initial delays. In this case, only a single temporal reflection can take place. Because
the boundary’s speed is changing as it propagates, the boundary’s velocity at the interaction point
depends on the incident pulse’s timing. From the phase continuity discussed in Chapter 2 (Eq.
(2.9)), the reflected pulse frequency depends on the boundary’s velocity. Thus, central frequency
of the reflected light depends on the relative delay between the incident pulse and the boundary. By
varying this relative delay, and measuring the reflected pulse’s spectrum as a function of the delay,
we obtain information about the trajectory of the boundary and use it to deduce the trajectory of
the decelerating pump pulse. Effectively, we can use the temporal reflection to probe the trajectory
of a boundary that changes its speed inside the PCF.

Figure 7.1: Schematic showing the temporal reflection of three probe pulses (red lines with arrows)
from a decelerating boundary. Central frequency of the reflected pulse depends on the initial delay
(or advance) of the probe pulse.
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We used the Raman soliton (pump) in a photonic crystal fiber to form the boundary (boundary
is the same as in the previous chapter), and sent a weaker probe pulse to reflect from it with
different pump-probe delays and measured the reflected pulse spectrum with different delays. We
will show later, both numerically and experimentally, that the reflected pulse’s spectrum changes
significantly as the initial delay between the pump and probe pulses is varied. And we show that it
is possible to deduce this trajectory from the delay-dependent spectral data. It should be stressed
that the trajectory of a Raman soliton is hard to measure without destroying the fiber. Our approach
provides a non-destructive method for deducing the soliton’s trajectory. We believe that it can be
used as a diagnostic tool for many other optical processes.

7.1 Numerical Simulations
For numerical simulations, we first write the total electric field by introducing the pump and probe
pulse envelopes:

E(z, t) = Re
(

As(z, t)ei[β (ωs)z−ωst]+Ap(z, t)ei[β (ωp)z−ωpt]
)
, (7.1)

where t is the time in the laboratory frame, As and Ap are the envelopes of the soliton (pump) and
probe pulse respectively, and β (ω) is the frequency-dependent propagation constant. ωs and ωp
are reference frequencies that should be close to the central frequencies of the pump and probe.
We can derive a set of two coupled propagation equations for As and Ap in a similar way as we
did in chapter 4. Basically we first combine the two envelopes into a single envelope function,
which satisfies the propagation equation Eq. (2.28) with the nonlinear terms given by Eq. (2.25).
Then we assume that the two pulses are spectrally separated far from each other and separate the
two envelopes based on this assumption. Assuming that the probe energy is small enough that its
nonlinear effects can be neglected, we arrive at the following coupled NLS equations [28]:
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where τ = t − z/vg(ωs) is the reduced time in a frame moving with the speed vg(ωs) and β
( j)
k =

(dkβ/dωk)|ω j with j = s, p are the dispersion parameters of the PCF at the soliton and probe’s
reference frequencies respectively. The parameter, ∆β1 = 1/vg(ωp)− 1/vg(ωs), is a measure of
the speed difference between the probe and the soliton. As losses are < 0.36 dB for our 3.8-m-long
fiber (as per fiber’s manufacturer), we have neglected the loss term in Eqs. (7.2) and (7.3). The
Raman term is contained in NR =

∫
∞

0 hR(τ
′)|As(z,τ − τ ′)|2dτ ′. The equations are essentially the

same as in Chapter 4, except that we included higher order dispersions for both pump and probe
pulses, and the self-steepening term for the pump pulse. We simplified the interaction between the
pump and probe pulses by only considering the pump pulse’s induced cross-phase modulation to
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(a) Soliton (b) Probe pulse

Figure 7.2: Temporal and spectral evolution patterns over the PCF length are shown for the (a)
soliton (pump) and (b) probe pulse on a logarithmic color scale. The white dashed line in (b)
shows the trajectory of the soliton.

the probe pulse. The dispersion parameters are still extracted from the dispersion curve of the PCF
that we purchased (See Fig. 6.1).

We solved Eqs. (7.2) and (7.3) with the Runge–Kutta method using As(0,τ) =
√

P1sech(τ/T1)

for the pump pulse with T1 = 15.7 fs and P1 = |β (s)
2 |/(γT 2

1 ) for the peak power of a fundamental
soliton. The probe pulse was a much wider Gaussian pulse centered at 645 nm with a spectral
width of 4 nm. The soliton had an initial delay of 1.15 ps relative to the probe pulse. The nonlinear
coefficient for our PCF is estimated to be 105 W−1km−1. In our experiments, we inject pump
pulses with energy higher than that needed to form a fundamental soliton. After the fission process,
a shorter Raman soliton is formed, whose spectrum shifts toward the red side with propagation
inside the fiber. For our numerical simulations, we use a short fundamental soliton to study the
probe’s reflection from this Raman soliton. This is justified because in our experiment described in
the following section, we focus on the interaction of the probe pulse with the Raman soliton after
it is clearly formed.

Figure 7.2 shows our numerical results for the preceding parameter values. Temporal and
spectral evolution patterns over the PCF length are shown for the (a) soliton (pump) and (b) probe
pulse using a logarithmic color scale. As before, we get a soliton with a decelerating trajectory
from the Raman red shift. We will denote this phenomenon as Raman-induced frequency shift
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(RIFS).
The probe pulse is initially traveling slower than the soliton. When the soliton collides with

it, most of its energy gets reflected by the soliton. This is clearly seen from the probe’s temporal
evolution in Fig. 7.2a. The reflected pulse travels faster than the soliton in the normal-dispersion
region of the PCF because of a red shift in its spectrum. We can clearly identify this red-shifted
peak in the spectral evolution of the probe (white arrow marked ”first reflection”). However, a
fraction of the probe’s energy is transmitted through the soliton, and this part keeps traveling
slower than the soliton. As the soliton keeps decelerating inside the PCF, the transmitted part of
the probe collides again with it, and a second reflected pulse is produced. This collision generates
blue-shifted radiation near the end of the fiber (marked by the arrow ”second reflection” in the
probe spectrum).

As discussed earlier, a change in the initial delay of the soliton from the probe pulse should
change the spectrum of reflected pulse significantly. This is confirmed by performing simulations
with different delays. The output spectra of the probe pulse with different delays are shown in
Fig. 7.3. As the delay becomes larger, the probe’s blue shift becomes smaller and eventually
disappears. This can be understood from Fig. 7.1. As delay increases, the speed difference between
the probe and soliton decreases after they collide. When the delay is large enough, the soliton
does not catch up with the probe, and temporal reflection ceases to occur. The dashed black line
in Fig. 7.3 is calculated by considering the intersection of the probe’s center with the soliton’s
decelerating trajectory. Frequency of the reflected pulse is calculated from Eq. (2.9) using vb as
the instantaneous speed of the soliton at that location (see supplemental for details). We find an
excellent agreement between the simulated output spectrum and the analytical prediction of the
central wavelength.

Figure 7.3: Color-coded output spectrum of a 645-nm probe pulse for different initial delays be-
tween the pump and probe pulses.
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Figure 7.4: Measured output spectra with three distinct peaks when the soliton undergoes negligi-
ble RIFS. Probe pulses at wavelengths 683 and 689 nm were reflected off the soliton formed by
the 800-nm pump pulse. A blue-shifted reflected pulse (dashed line) is produced in both cases.

Since the reflected pulse’s spectrum depends on the speed of the soliton at the time of collision,
we can deduce this speed by measuring the spectrum, which allows us to calculate the soliton’s
frequency. As we change the initial delay between the soliton and the probe, the probe pulse
hits different parts of the trajectory of the soliton. Thus, the delay-dependent spectra shown in
Fig. 7.3 contain information about the soliton’s trajectory, making it possible to deduce the soliton’s
trajectory from the spectral data.

The soliton’s spectrum shifts from 800 nm to 864 nm over the PCF length in Fig. 7.2a. In this
case, it is not possible to probe the whole trajectory using probe pulses at a single wavelength.
The reason is that the efficiency of temporal reflection depends critically on the speed difference
between the probe and the soliton. As a result, probe pulses at one wavelength can only probe the
portion of the soliton’s trajectory where the speed difference is sufficiently small. To probe the
whole trajectory, we send probe pulses at several different wavelengths. Combining the spectral
data measured for different probe wavelengths, it became possible to probe the whole trajectory of
the soliton.

7.2 Experimental Probing of the Raman Soliton’s Trajectory
The experimental setup is the same as described in chapter 6, Fig. 6.3. The only difference here
is that we now changed the band pass filter in the probe pulse beam path, and the filter is tilted to
tune the central wavelength of the probe pulse.

As described in Chapter 6, the pump pulse generates a fundamental soliton, which is respon-
sible for the main interaction between the pump and probe. The soliton’s Raman red shift (at the
output) depends on the input pulse energy. We first consider the simpler case of temporal reflection
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without the Raman effect. This is achieved by carefully adjusting the energy of the pump pulse
sent into the fiber. By monitoring the output spectrum, it was possible to control energy such that
a soliton is formed with negligible RIFS (at an energy of about 4 pJ). Probe pulses at two different
wavelengths (683 and 689 nm) are sent into the fiber, and the relative delay between the soliton and
probe is tuned such that the whole probe pulse can reflect off the soliton, resulting in maximum
reflectivity. We kept the energy of probe pulses relatively small to ensure that they do not impact
pump pulses during propagation. For the results shown in Fig. 7.4, their energy was smaller than
0.1 pJ for both cases. Probe pulses at these two wavelengths travel faster than the soliton. The
input and output spectra of probe pulses are shown for comparison. After reflection, a blue shifted
peak appears in the spectrum, which belongs to the reflected pulse traveling slower than the soliton.
Comparing the probe pulses at the two wavelengths, the 689-nm probe has a larger initial speed
difference, which makes the frequency shift of the reflected pulse larger with a smaller reflectivity.
Using the incident and reflected probe spectra, we can calculate the soliton’s wavelength at the
time of collision from the phase-continuity relation in Eq. (2.9). The wavelength calculated this
way is 802 nm, and this value is in agreement with the soliton’s central wavelength seen in Fig.
7.4, which is 800nm.

For the results shown in Fig. 7.5, the Raman effects were included by increasing the energy of
pump pulses launched into the PCF to about 17 pJ, which was large enough to form a higher-order
soliton and create a short fundamental soliton through a fission process. The wavelength of this
soliton shifts through RIFS toward the red side all along the PCF, resulting in a large shift at the
output end. As seen in part (d) of Fig. 7.5, soliton’s central wavelength has shifted from 800 to
864 nm over a length of just 3.8 m. Although some energy is left around 800 nm, it does not form
another soliton and has a relatively minor impact on the probe pulse. We launched probe pulses
at three wavelengths separated by 10 nm (645, 635 and 625 nm) and varied pump-probe delays
to probe the soliton’s trajectory. Theoretically, it has been shown that soliton’s dynamics can be
affected by energetic probe pulses [93]. We kept the energy of probe pulses relatively small to
ensure that the spectra of pump pulses were not affected by them. This energy in our experiment is
estimated to be below 0.5 pJ, respectively. Measured output spectra as a function of pump-probe
delay (positive delay means that the pump arrives later than the probe) are shown for three probe
wavelengths in parts (a), (b), and (c) of Fig. 7.5.

For probe wavelengths of 645 nm and 635 nm, we see a similar pattern. A red-shifted reflected
pulse is formed after a specific delay, the red-shift becomes smaller as delay increases, and even-
tually becomes negligible when delay becomes relatively large. This trend is in good agreement
with the simulations shown in Fig. 7.3. Notice that the maximum delay for which we can observe
temporal reflection is different for different probe wavelengths. This is so because different probe
wavelengths reflect off different portions of the soliton’s trajectory.

When the probe’s wavelength is 625 nm, the behavior is somewhat different. We still see a
red-shifted peak with a decreasing red shift as delay increases. The difference is that this red-
shifted peak does not merge with the original probe pulse’s spectrum when delay becomes large.
To understand this behavior, we note that probe pulses at wavelengths of 645 and 635 nm travel
slower than the incident pump pulse, but faster than the output soliton. Thus, by changing the
pump-probe delay, it is possible for the reflection to occur where the soliton and probe pulse
have the same speed. On the space-time diagram shown in Fig. 7.1, the soliton and probe pulse’s
trajectory become parallel to each other. In this situation, reflected pulse’s spectrum merges into
the incident spectrum. In contrast, the 625-nm probe pulse travels slower than the output soliton
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(a) (b)

(c) (d)

Figure 7.5: Measured output spectra for different pump-probe delays when the incident probe’s
central wavelength was (a) 645 nm, (b) 635 nm and (c) 625 nm. Spectral intensity is shown in
logarithmic scale relative to the probe’s peak spectral intensity. (d) Output spectrum in the pump’s
spectral region.

all along the PCF length. As a result, their trajectories never become parallel. This is the reason
why the reflected pulse’s spectrum does not merge into the incident spectrum when the probe’s
wavelength is 625 nm.

As we discussed earlier, the delay-dependent spectra shown in Fig. 7.5 contain information
about trajectory of the soliton inside the PCF. Here we briefly describe the approach we used for
this purpose and refer to the Appendix for more details. The trajectory we want to extract speci-
fies the soliton’s wavelength (or speed) as a function of propagation distance. However, without
knowing this trajectory, the location of pump-probe collision can not be determined for a given
pump-probe delay. To solve this dilemma, we derive a differential equation, Eq. (S10), in the Ap-
pendix using the phase-continuity relation in Eq. (2.9). This equation gave us a reasonable estimate
of the trajectory. When we used this estimate in our simulations, we found that the predicted wave-
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Figure 7.6: (d) Retrieved trajectory of the soliton’s wavelength based on the measured delay de-
pendence of the reflected pulse spectra. Numerically predicted wavelength of the reflected pulse
wavelength based on the retrieved trajectory for probe pulses launched at wavelengths (a) 645 nm,
(b) 635 nm, and (c) 625 nm. Measured results are also shown for comparison.

lengths did not agree well with the measured data. The reason is that the phase-continuity relation
assumes reflection to occur at one location, while the probe pulses of finite duration interact with
the pump over a range. We adjusted the trajectory estimated from phase-continuity relation with an
iterative approach to obtain a better fit between the experimental data and numerical simulations.

The retrieved trajectory of the soliton’s central wavelength is shown in part (d) of Fig. 7.6 with a
red line; the blue line shows trajectory of the soliton’s central frequency. The space-time trajectory
can be deduced from the spectral trajectory using the measured dispersion data of the PCF in
Fig. 3. We were not able to probe the trajectory over the first 0.5 m of the PCF, where the Raman
soliton is produced through the fission process. A parabolic function was used in this region (see
supplemental material for details). The shape of the the trajectory depends on the Raman-induced
red shift occurring continuously all along the fiber. Interestingly, Fig. 7.6 shows that the rate of
RIFS begins to saturate near the PCF’s output end. This is because higher-order dispersive effects
perturb the Raman soliton and force it to radiate some energy in the form of dispersive waves [28].
This trend can also be seen in the simulations shown in Fig. 7.2a.

To quantify how well the retrieved trajectory matches the actual soliton’s trajectory, we per-
formed simulations of the temporal reflection process for the three probe wavelengths (For details,
see the supplement). We compare the numerical results with the measured data in parts (a), (b),
and (c) of Fig. 7.6. The agreement is quantified by the R2 values, R2 = 1 indicating a perfect fit. As
seen there, the agreement becomes worse for 625-nm probe pulses. The reason can be understood
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Figure 7.7: 4-f pulse shaper containing two prisms, two lenses, and a mirror. A tunable slit is placed
at the Fourier plane of the 4f system for spectral manipulation. One of the prisms is mounted on a
translational stage for dispersion control.

from part (c) of Fig. 7.5. As seen there, the red shift is much smaller at this wavelength and varies
less rapidly with the delay, both of which make it harder to deduce the center wavelength of the
reflected pulse accurately.

7.3 Impact of Pump Pulse Dynamics
The experiment and simulation above focused on the interaction of the probe pulse with a Raman
soliton. This Raman soliton is formed through soliton fission, as shown in Fig. 6.2 during the
first 0.5 m. After the Raman soliton is formed, it maintains its solitonic shape. When the probe
pulse is reflected from the Raman soliton, the reflected pulse’s spectrum usually has a clean shape
(a single smooth spectral peak as in Fig. 7.3). The experiment described in the previous section
focused on the interaction of the probe pulse with the pump pulse after the soliton fission process
was complete, and the pump pulse behaved as a fundamental soliton. In this section, we perform
some studies on the interaction of the probe pulse with the pump pulse during the initial stage of
the pump pulse propagation, where the nonlinear dynamics of the pump pulse affect the temporal
reflection.

The easiest way to control the nonlinear dynamics of the pump pulse is to control the input
pump pulse shape. When we compare the simulation result from Fig. 6.2 with the one shown in
Fig. 7.2a, we can see that the pump pulse in the previous one undergoes a soliton fission process to
generate a fundamental soliton, while the latter one directly behaves as a fundamental soliton from
the start, while the output Raman shift in the two cases are similar. The reason for this difference
comes from the difference in the input pump pulse shape. In the example of Fig. 6.2, the input
pump pulse has a sech shape, with FWHM of 110fs and a soliton order of about 4.6. While in the
example shown in Fig. 7.2a, the input pump pulse has a sech shape with FWHM of 28 fs, with its
power corresponding to a fundamental soliton. These two examples show that the initial stage of
pump pulse propagation dynamics is influenced by the input pump pulse shape.

Experimentally, we added a 4-f pulse shaper into the pump pulse beam path to adjust the input
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(a) (b)

Figure 7.8: (a) Experimental spectra of the probe pulse at the PCF output obtained for different
pump-probe delays. (b) Spectra of the pump pulse at the input and output ends of the PCF.

pump pulse shape. This pulse shaper is shown in Fig. 7.7. It is a double-pass 4f system containing
two prisms, two lenses, and a mirror. One prism separates spatially different spectral components
of the pulse, and the second prism brings them together after spectral filtering through a tunable
slit. A geometrical path difference of different spectral components introduces some dispersion
into the system, which can be controlled by translating one of the prism [94]. In this case, we
can adjust both the spectral width of the pump pulse as well as the spectral chirp, allowing for the
shaping of the input pump pulse.

7.3.1 Pump Pulse as a Fundamental Soliton
First, we conducted experiment when the pump pulse launched into the fiber behaves mostly as a
fundamental soliton. To achieve this, the slit in the pulse shaper was made wide enough that the
pump’s spectrum was not filtered. A prism in the pulse shaper was adjusted to compensate for
the material’s dispersion. We varied the initial delay of the pump pulse from the probe using the
translation stage in Fig. 6.3 and recorded the spectra at the PCF’s output end with a spectrometer.

Fig. 7.8b shows the input pump pulse spectrum compared with the output pump pulse spectrum
from the PCF. As before, we observed an output Raman peak centered at 865nm. To make the
pump pulse behave mostly as a fundamental soliton, we adjusted the pulse shaper to minimize the
amount of energy in the original 800-nm region, which depends on the mismatch between the input
pulse and the fundamental soliton. In our experiments, the energy of the pump pulse coupled into
the PCF is estimated to be about 14.3 pJ, and 82% of this energy is converted into a Raman soliton
that evolves as a fundamental soliton (about 12 pJ at the output). The reason that the efficiency of
energy converted into the Raman soliton is significantly higher than the result shown in Fig. 7.5d
is that in this experiment, we added the pulse shaper to compensate for the dispersion in the beam
path, and also at the time of the previous experiment with the results shown in Fig. 7.5d, the laser
in our system wasn’t operating in the correct condition, leading to a poor pulse shape. We had the
laser fixed before we performed the experiment shown in this section.

By sending in a probe pulse centered at 655nm with a spectral FWHM of 5nm, we can reflect
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Figure 7.9: Numerical simulations showing how output probe spectrum changes with the initial
pump-probe delay. Positive delay implies that the pump is trailing the probe. The White dashed
line is the central wavelength of the input probe pulse.

off the pump pulse during the initial stage of propagation (before 0.5m) where the potential soliton
fission dynamics may play an important role. Similar to before, we scanned the input pump-probe
delay and measured the output spectrum. The result is shown in Fig. 7.8a. As the pump-probe
delay increases, the main reflected spectrum shifts to the blue side in a continuous fashion. There
is a secondary reflection signal that lies above the main reflected spectrum. Its origin was traced
to an unusual shape of the input probe pulse. When using the sum frequency generation of the
probe pulse with the pump pulse for synchronization, we found that the main probe pulse has a
smaller sub-pulse that trails the main pulse by about 0.2 ps, which agrees with the offset of the
two reflection spectra shown in Fig. 7.8a. This sub-pulse also reflects off the pump pulse and
creates this secondary reflection peak. As a result, the secondary reflection spectral peak is mostly
a replica of the main reflection spectral peak. We will not be focusing on this reflection peak in the
remainder of this section.

We also performed a numerical simulation that corresponds to the measurement shown in Fig.
7.8a. We launched a fundamental soliton with 28fs FWHM as the pump pulse, which produced
an output Raman shift that matches our experimental observation. Then, the simulated output
probe spectrum’s dependence on the initial pump-probe delay is shown in Fig. 7.9. We obtained a
similar behavior as in the experimental result. The important feature is that as the delay increases,
the spectrum of the reflected pulse changes continuously and smoothly, without multiple reflection
peak structures. The reason is that an input fundamental soliton does not go through the soliton
fission process, and it keeps the fundamental solitonic shape throughout its propagation. For the
probe pulse, this soliton forms a ”smooth mirror”, which results in a ”smooth” reflection as shown
in Fig. 7.8a and Fig. 7.9.

Next, we focus on the impact of pump-pulse parameters on the temporal reflection of a probe
pulse. More specifically, we consider two parameters, namely the width and the chirp of pump
pulses, and compare the results with the ideal case of launching a fundamental soliton.
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Figure 7.10: Experimental results for wide pump pulses. (a) Spectra of probe pulses at the PCF
output as the relative delay is varied. (b) Spectra of probe pulses at the input and output ends of
the fiber. (c) Output spectrum obtained for a pump-probe delay of 0.5 ps. Three of the five peaks
correspond to three reflected pulses.

7.3.2 Effect of Wider Pump Pulses
We make the pump pulse wider by cutting down its spectral width by controlling the slit width
inside the pulse shaper (see Fig. 7.7). The width of pump pulses was close to 162 fs when we
reduced the spectral bandwidth to 11 nm. We used the frequency-resolved optical gating (FROG)
technique to measure the width of input pump pulses. We also adjusted pulse’s energy such that we
obtain the same amount of Raman-induced red shift at the PCF’s output. The probe pulses remains
the same as before, and their spectrum is centered at 655 nm.

The experimental data for wider pump pulses is shown in the top row of Fig. 7.10 in the same
format used for the narrower pump pulses in Fig. 7.8. The input pump spectrum in part (b) is
narrower (width 11 nm). The output spectrum has again two peaks, one at 800 nm, and the other at
the red-shifted wavelength. The only difference is that more energy remains in the 800 nm region
(37% of input energy compared to 12% in Fig. 7.8b). This is because our wider pump pulse has a
larger pulse energy and forms a higher-order soliton after entering the PCF. After a short distance,
it breaks into multiple pulses of different widths through a fission-like process [28]. The shortest
pulse evolves into a Raman soliton that shifts rapidly toward the red side.
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The probe pulse spectra obtained when tuning the initial pump-probe delay are shown in Fig.
7.10a. When we compare them to the probe spectra in Fig. 7.8, we notice similarities but also
important differences. In the case of narrower soliton-like pulses shown in Fig. 7.8a, a single
reflected pulse is formed for any initial pump-probe delay. In contrast, multiple reflected pulses
can form for wider pump pulses in a limited range of pump-probe delay. An example is shown in
Fig. 7.10c for a specific delay of 0.5 ps. As seen there, temporal reflection results in three distinct
spectral peaks that correspond to three reflected pulses.

To understand the physics better, we performed numerical simulations for wider pump pulses
used in the experiment, and the results are shown in Fig. 7.11. For better accuracy, we used
the shape of pump pulses deduced with the FROG technique for our simulations. The energy of
the pump pulse was set to 18 pJ to ensure that the output Raman soliton matches with what we
experimentally observed. This energy is equal to the energy of an N = 2.5 soliton with the same
temporal FWHM (162 fs). The simulations in Fig. 7.11a show features similar to those observed
experimentally in Fig. 7.10a. In particular, multiple reflected pulses indeed form for specific pump-
probe delays.

Fig. 7.11c shows the temporal and spectral evolution of pump and probe pulses over the first
1-m-length of the PCF. We only show the first 1m of propagation here because the interaction of
the pump pulse and probe pulse only takes place in this region. The input delay is chosen 0.35 ps
for this case. The pump pulse breaks into multiple pulses through soliton fission at a distance of
about 15 cm. During the fission stage, the pump pulse has a complex intensity pattern, which
produces a complex time dependence of the refractive index for the probe pulse. In the case shown
in Fig. 7.11c, the probe pulse interacts with different parts of the pump pulse at two distances,
resulting in two reflected pulses with different spectral shifts. By comparing the results obtained
for a fundamental soliton with those obtained for a higher-order soliton, we can conclude that the
process of temporal reflection is sensitive to minute details of the evolution of the pump pulse. This
is the reason why the output spectrum of probe pulses contains information about the propagation
dynamics of the pump pulse.

7.3.3 Effect of Chirped Pump Pulses
We next consider the case of chirped pump pulses. A simple way to chirp short pulses is to
pass them through a dispersive delay line that broadens each pulse while also introducing some
frequency chirp. We again use our pulse shaper for this purpose. The slit in the pulse shaper
remains fully open, and no spectral filtering takes place. However, one of the prisms inside the
pulse shaper is adjusted to introduce some positive chirp on the pump pulse. Before sending this
pulse into the PCF, we characterize it with our FROG setup. The measured width is about 97 fs
and corresponds to adding 1130 fs2 of group-delay dispersion to a sech-shape pulse with 22-nm
spectral width. The amount of pump pulse energy that couples into the PCF is also adjusted to
ensure that the Raman soliton has the same 865-nm wavelength at the PCF’s output as before.

The experimental results for chirped pump pulses are shown in Fig. 7.12. Part (a) shows the
output probe’s output spectra measured while varying the relative pump-probe delay. Part (b)
compares the spectrum of the pump pulse at the input and output ends of the PCF. Similar to the
case of wide pump pulses, the chirping of the pump pulse increases energy remaining at the input
wavelength of 800 nm but by a smaller amount.
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Figure 7.11: Simulation results for wide pump pulses. (a) Spectra of probe pulses at the PCF
output as the relative delay is varied. (b) Shape and chirp of the input pump pulse deduced with
the FROG technique. (c) Evolution of the pump and probe pulses over the 1-m-length of the PCF.

The probe pulse spectra in part (a) of Fig. 7.12 show a pattern different from the two earlier
cases where an unchirped pump pulse forms a fundamental or a higher-order soliton. We expect
these differences to result from a different evolution pattern occurring for chirped pump pulses. To
confirm this expectation, we performed numerical simulations using the measured shape and phase
of input pump pulses, and the results are shown in Fig. 7.13. Part (a) of this figure shows the output
probe spectra as a function of pump-probe delay. Part (b) shows the shape and phase of input pump
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(a)

(b)

Figure 7.12: Experimental results for chirped pump pulses. (a) Measured probe spectra at the PCF
output as the relative pump-probe delay is varied from 0 to 1 ps. (b) Pump spectra at the input and
output ends of the PCF.

pulses obtained with our FROG setup. Part (c) shows the temporal and spectral evolutions of the
pump (top) and probe (bottom) pulses over the first 1 m of PCF.

A comparison of the simulated probe spectra with our experimental results in Fig. 7.12a shows
a relatively good agreement. In particular, two reflected pulses are produced at different wave-
lengths when the pump-probe delay is < 0.2 ps. The temporal and spectral evolution of the pump
and probe pulses is shown in Fig. 7.13c over the first 1 m of the PCF for a pump-probe delay of
0.15 ps. As seen there, the pump pulse is compressed considerably within the first 10 cm of PCF.
Most of its energy forms a fundamental soliton whose spectrum shifts toward the red side, while
the remaining energy propagates as a dispersive wave. The probe pulse collides and undergoes
two temporal reflections from different parts of the pump pulse. The wavelength of these reflected
pulse shifts by different amounts, resulting in the formation of two spectral peaks after a distance
of 10 cm. We observed a similar behavior in our experiments when the pump-probe delay was
small.

One more feature is noteworthy. Compared with the case of the pump pulse forming a higher
order soliton, the Raman soliton for chirped pump pulses is generated at a shorter distance. This
implies that temporal reflection of the probe pulse should happen for smaller pump-probe delays.
This is indeed what is observed when we compare the experimental results in Fig. 7.10a with those
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in Fig. 7.12a. Comparing the observed behavior in the three cases of pump pulses (a fundamental
soliton, a higher-order soliton, and a highly chirped pulse), we can conclude that temporal reflec-
tion is sensitive to different evolution dynamics of pump pulses occurring inside the PCF. This
is the reason why measured probe spectra at the PCF’s output can be used to deduce information
such as the deceleration of pump pulses initiated by the spectral shift induced by intrapulse Raman
scattering.

(a) (b)

(c)

Figure 7.13: Simulation results for chirped pump pulses. (a) Spectra of probe pulses at the PCF
output as the relative delay is varied. (b) Shape and chirp of the input pump pulse deduced with
the FROG technique. (c) Evolution of the pump and probe pulses over the 1-m-length of the PCF.
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7.4 Discussion and Conclusion
When a short pump pulse propagates as a soliton inside an optical fiber, it creates a moving high-
index region through the optical Kerr effect. In this case, the phenomenon of intrapulse Raman
scattering provides a speed-changing mechanism for the solitons by red-shifting the soliton’s spec-
trum in a continuous fashion. If a probe pulse is launched into the same fiber with a delay such
that it approaches the soliton at some location within the fiber, another pulse is generated through
temporal reflection whose wavelength differs considerably from that of the probe pulse. As one
would expect, the process of temporal reflection and the spectral shift produced by it depend on
the speed of the speed at that specific location. In this work, we propose and demonstrate that the
trajectory of the decelerating soliton can be probed using temporal reflection of probe pulses with
different delays.

Although we demonstrated the proposed technique for probing a soliton’s trajectory, we be-
lieve that it can be used as a diagnostic tool for many other optical processes. For example, it may
be possible to use a similar technique for probing the dispersive properties of a tapered waveguide.
Tapering of a waveguide produces changes in its transverse size all along the length of the waveg-
uide. When a short pulse is launched into a tapered waveguide such as an optical fiber, its speed
changes along the fiber’s length. Similar to the case of RIFS studied in this paper, the reflected
pulse’s wavelength would depend on the dispersive properties of the fiber at the location where the
pump and probe pulses collide. The tapering approach is more versatile than the RIFS studied here
because one has more control over the nature and magnitude of speed changes.

We also studied the dependence of temporal reflection on several parameters of the pump pulse
that affected its nonlinear propagation dynamics. We found that the temporal reflection of probe
pulses exhibited unexpected novel features when pump pulses were made wider through spec-
tral filtering without much chirp. Similar but different features were observed when pulses were
chirped through a dispersive delay line without any spectral filtering. In both cases, two or more
reflected pulses were produced at different wavelengths in a specific range of initial pump-probe
delays. Numerical simulations reveal that the origin of such novel features is related to a complex
nonlinear evolution of pump pulses inside the PCF. The observed novel effects can be interpreted
as scattering of the probe wave from the pump’s intensity pattern. Similar to how scattering can
be used as a diagnostic tool in other branches of physics, we expect that the effect of temporal
reflection may be developed as a diagnostic tool for more complicated nonlinear optical processes,
such as supercontinuum generation in optical fibers.
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Chapter 8

Summary and Future Work

In this dissertation, I have presented my theoretical and experimental work on the topic of temporal
reflection of a light pulse at a moving boundary inside a dispersive medium such as an optical fiber.

Theoretically, I developed a method for analyzing the temporal reflections on boundaries of
different shapes. I then focused on the effects of a decelerating boundary on temporal reflection,
revealing interesting phenomena such as temporal focusing, collimation as well as mode coupling
in a bending temporal waveguide.

Experimentally, I performed the experiments to demonstrate temporal reflection inside an opti-
cal fiber. Using a short pump pulse to create a decelerating boundary, the effects of temporal pulse
trapping were observed, which agreed with our theoretical analysis. I also showed that temporal
reflection can be used for probing the behavior of the pump pulse during its propagation.

A future direction of this work is to explore the possibility of realizing the same phenomenon
with other physical mechanisms. For example, the refractive index can be changed through the
electric-optical effect in a material such as lithium niobate. In this case, by applying an external
time-varying voltage, the index experienced by the optical wave is modified. This can be achieved
using a traveling wave phase modulator. The obstacle, however, is that the microwave signal used
to drive the modulator usually does not turn on fast enough, and the index boundary created is,
therefore, not sharp enough to realize efficient reflection. The microwave’s bandwidth is usually
limited by the signal generator and transmission cables used for sending the microwave signal
into the phase modulator. One possible solution for this challenge is to directly generate a transient
voltage signal on the phase modulator. We can bridge the transmission lines of the phase modulator,
which guides the microwave that modifies the refractive index of the optical waveguide, with a
photoconductive switch [95] made of a semiconductor. By sending a short, strong light pulse into
this semiconductor, it can be turned from a nearly insulating state to a conducting state, effectively
shortening the two transmission lines. As a result, a fast transient voltage can be generated directly
on the modulator. It may be possible to achieve temporal reflection of another optical pulse from
the boundary of index change created by such a fast transient voltage.
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Appendix A

Derivation of q Transformation Law of a Gaussian
Pulse

This appendix is a detailed derivation of Gaussian pulse’s transformation law when reflected by a
Raman soliton (Eq. (4.32)). The symbols are consistent with the discussion in Chapter 4.

When the incident pulse (Eq. (4.24)) is Gaussian, we can use:

Ai(0,τ) = exp−1
2

(
τ −Td

T2

)2
exp−iδ (τ −Td). (A.1)

The propagated field can be derived exactly using Eq. (4.24):

Ai(z,τ) =
T0√
q(z)

exp−(τ −Td −β22δ z)2

2q(z)
exp−iδ (τ −Td)+

iβ22δ 2z
2

, (A.2)

where q(z) = T 2
2 − iβ22z is the complex q parameter.

Then, we need to calculate Ai(z,az2) and expand it near z0. Note that z0 is determined by the
quadratic equation:

az2
0 −Td −β22δ z0 = 0 (A.3)

When expanding, we can approximate q(z) by q(z0). For other terms, we keep terms up to second-
order in z− z0 and neglect all higher-order terms.

Ai(z,az2)≈T0e
iβ22δ2z0

2 −iδaz2
0+iδTd√

q(z0)
exp−(

(2az0 −β22δ )2

2q(z0)
+ iδa)(z− z0)

2

× exp i(
β22δ 2

2
−2δaz0)(z− z0) (A.4)
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Then, neglecting the phase terms and constants, we do a Fourier transform about z:

F(kz) ∝

∫
Ai(z,az2)exp iaδr(z− z0)

2 exp(−ikzz)dz

∝ exp(−ikzz0)exp− (kz − (β22δ 2/2−2az0δ ))2

4[ (2az0−β22δ )2

2q(z0)
− ia(δr −δ )]

= exp(−ikzz0)exp− (kz − (β22δ 2/2−2az0δ ))2

4[ (2az0−β22δ )2

2q(z0)
−2i a

β22
(2az0 −β22δ )]

. (A.5)

Now, we calculate Ãr(ω), neglecting the β22ω −2az0 term (does not change much within the pulse
spectrum) and the e−iaz2

0ω term (only leads to a temporal offset) to obtain:

Ãr(ω) ∝ F(
β22ω2

2
−2az0ω)

∝ exp−1
2
(iβ22z0 +

1
1

q(z0)
− 8ia

β 2
22(δr−δi)

)(ω −δr)
2. (A.6)

Note that Ãr(ω) is defined at z = 0, thus we have:

qr(z0) = qr(0)− iβ22z0

= iβ22z0 +
1

1
q(z0)

− 8ia
β 2

22(δr−δi)

− iβ22z0

=
1

1
q(z0)

− 8ia
β 2

22(δr−δi)

. (A.7)

Finally, we arrive at the Gaussian pulse transformation law:

1
qr(z0)

=
1

qi(z0)
− 8ia

β 2
22(δr −δi)

. (A.8)
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Appendix B

Dispersion Measurement of Photonic Crystal Fiber

Experimentally, we performed measurements of the dispersion profile of the photonic crystal fiber
(PCF) used for the temporal reflection experiment. This information is then used for theoretical
modeling of temporal reflection, which is compared with the experimental results.

The technique used for the measurement is called white light interferometry [91, 92]. The setup
is shown in Fig. B.1.

The setup is a Michelson interferometer using a white light laser as the light source (NKT
Photonics). One arm is the reference arm, with a mirror mounted on a translational stage for delay
control. The second arm is the test arm. In the test arm, the laser is focused into a piece of PCF
(about 10 cm long). The Fresnel reflection from the front and back ends of the PCF are collected
by the lens. The reflected light pulses from the reference arm and test arm are combined and sent
into an OSA. The spectrum measured by the OSA shows interference in the spectral domain, and
it can be used for extraction of the dispersion profile of the PCF.

Here, we give an analysis of this technique in the frequency domain. Suppose the light field at
the input of the interferometer is Ẽin(ω). The light field after combining the reference arm and test
arm can be written in the following expression:

Ẽout(ω) =
√

Rre f Ẽin(ω)ei(φ0(ω)+ 2ωz
c )

+
√

R f Ẽin(ω)eiφ1(ω)+
√

RbẼin(ω)ei(φ1(ω)+2β (ω)L). (B.1)

In Eq. (B.1), the three terms correspond to the fields from the reference arm, reflection from the
front end of the PCF, and the reflection from the back end of the PCF respectively. Rre f , R f and Rb
are coefficients describing the ratio of the energy that gets transmitted through each path. These
coefficients should be only weakly dependent on the optical frequency, and they can be regarded
as frequency-independent in the interferometry experiment. In each path, we need to consider the
phase delay. In the reference arm, the phase term is written as φ0(ω)+ 2ωz

c . Here, z is the position
of the translational stage, and φ0(ω) is the phase when the translational stage is set at position 0.
For the front surface reflection, the phase change is given by φ1(ω). For the back surface reflection,
the phase change has an additional 2β (ω)L, where β (ω) is the propagation constant of the mode
of the PCF, and L is the length of the PCF sample.

At the spectrum analyzer, we measured the spectral intensity Sout(ω) = |Ẽout(ω)|2. Apparently,
in the spectral intensity, we will have interference from the three terms in Eq. (B.1). We first look
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Figure B.1: Setup of dispersion measurement using white light interferometry. PCF: photonic
crystal fiber. OSA: optical spectrum analyzer. SMF: single mode fiber.

at the interference term from the reference arm and the reflection from the front surface of PCF:

Sre f , f (ω) =
√

Rre f Ẽin(ω)ei(φ0(ω)+ 2ωz
c )× (

√
R f Ẽin(ω)eiφ1(ω))∗+ c.c.

= 2
√

Rre f R f Sin(ω)cos
(

φ0(ω)+2
ωz
c

−φ1(ω)
)
. (B.2)

In the equation above, we defined Sre f , f (ω) as the terms involving the interference between the ref-
erence arm and the reflection from the PCF’s front end. These terms can be obtained by expanding
the measured spectral intensity Sout(ω) using Eq. (B.1). From Eq. (B.2), we see the interference
in the spectral domain. The local period of interference can be estimated in the following equation:

d
(

φ0(ω)+2ωz
c −φ1(ω)

)
dω

∆ω = 2π, (B.3)

where ∆ω is the period of the interference fringes in the spectrum. Define τ0,1 = dφ0,1/dω , which
are the group delays of the optical elements in each path (delay caused by the translational stage is
not included). Then, we arrive at:

(τ0 +
2z
c
− τ1)∆ω = 2π. (B.4)

The first term on the left-hand side is the group delay difference of the two arms (including the
contribution from the translational stage). Experimentally, the measurement of the spectrum has
a finite resolution in ω . When the group delays are too big, the period of interference is so small
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that the measurement system will simply wash them out and no interference can be measured. The
interference can only be observed when the translational stage’s position is set such that the total
group delay of the reference arm is very close to that of the light reflecting from the front end of
the PCF. For a measurement resolution of ∆λ = 2 nm at a wavelength of λ = 800 nm, the offset
of the position of the stage from the zero-delay position should be within 0.16 mm. This number
shows that the interference between the front-end and back-end reflections cannot be observed, as
they have such a big delay difference (fiber is about 10 cm long). Also, the reference arm can only
interfere with at most one reflection from the PCF, either the front reflection or the back reflection
depending on the position of the translational stage. Thus, if we first consider that the translational
stage is set at a position such that the reference light can interfere with the front-end reflection,
the back-end reflection can simply be regarded as an incoherent background. Then, the measured
spectrum can be expressed by:

Sout(ω) =(Rre f +R f +Rb)Sin(ω)

+2
√

Rre f R f Sin(ω)cos
(

φ0(ω)+2
ωz
c

−φ1(ω)
)
. (B.5)

We can extract the fringes by performing a measurement of the reference arm alone, giving us
Sre f (ω) = Rre f Sin(ω), and performing a measurement of the test arm alone, giving us Stest(ω) =
(R f +Rb)Sin(ω). Then, we perform the analysis:

F =
Sout −Sin −Stest

2
√

Sin ∗Stest
=

√
R f

R f +Rb
cos
(

φ0(ω)+2
ωz
c

−φ1(ω)
)
. (B.6)

The quantity F contains the spectral interference fringes. To see how we can extract the dispersion
from this measurement, in Fig. B.2, we show an example of the experimentally measured F . We
clearly see the spectral fringes from the interference. At the shorter wavelength side of Fig. B.2, we
see that the fringe visibility drops to almost zero. This is because the local fringe period approaches
the resolution of the spectrum analyzer. We have also identified a special point in the data, which
we call the stationary phase point. Let’s denote it as ωs. This point satisfies the following relation:

d
(

φ0(ω)+2ωz
c −φ1(ω)

)
dω

∣∣∣
ωs

= 0, (B.7)

which leads to the following relation:

2z
c
= τ1(ωs)− τ0(ωs). (B.8)

This equation simply means that the group delay at the stationary phase point is matched between
the two beams. Because of the dispersion of the optical elements, there is a distinct stationary phase
point at each position of the translational stage, and the location of this point also depends on the
position of the translational stage. Thus, we measure the stationary phase point ωs while varying
z. From Eq. (B.8), we obtain the function τ1(ω)− τ0(ω). One advantage of using this stationary
phase point instead of directly measuring the phase of the fringe itself is that this stationary phase
point is more robust against small perturbations.
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Similarly, we can then adjust the position of the translational stage such that the reference light
interferes with the back-end reflection from the PCF. By performing the same measurement, we
obtain the fringe function:

F ′ =

√
Rb

R f +Rb
cos
(

φ0(ω)+2
ωz
c

−φ1(ω)−2β (ω)L
)
. (B.9)

An example of data is shown in Fig. B.3. We also observe the spectral interference as in the
previous case. The difference is that we have two stationary phase points. This happens because
the PCF has a normal dispersion region and an anomalous dispersion region. As a result, the group
velocity matching condition can be satisfied for two wavelengths.

For this case, the stationary phase points satisfy the following relation:

2z
c
= τ1(ωs)+2β1(ωs)L− τ0(ωs), (B.10)

where β1 = dβ/dω is the inverse of the group velocity of the mode of the PCF. In the same way,
we can measure the stationary phase points while scanning the position of the translational stage.
We thus obtain the function τ1(ω)+ 2β1(ω)L− τ0(ω). With the knowledge of τ1(ω)− τ0(ω),
we can obtain the function β1(ω), which completely determines the group velocity dispersion of
the PCF. The result is shown in Fig. 6.1 by showing the group index of the PCF as a function of
wavelength.

Figure B.2: Spectral fringes from experiments. A stationary phase point can be observed



APPENDIX B. DISPERSION MEASUREMENT OF PHOTONIC CRYSTAL FIBER 96

Figure B.3: Spectral fringes from interference between the reference light and back end reflection
of PCF.
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Appendix C

Extraction of Raman Soliton Trajectory

In Chapter 7, we showed that we retrieved the Raman soliton’s trajectory based on the reflected
pulse spectrum as we scanned the relative pump-probe delay at the input. The retrieved trajectory
is shown in Fig. 7.6. In this appendix, we provide additional details about the modeling of temporal
reflection from a decelerating soliton representing a high-index barrier. We also discuss how we
inferred the soliton’s trajectory from the measured spectral data.

Soliton’s Evolution inside the PCF
The evolution of a short optical pulse inside any optical fiber is governed by Eq. (7.2) of the main
text. This equation includes the effects of intrapulse Raman scattering through the nonlinear term
NR, which depends on the Raman response function hR. Numerical solutions of this equation
show that the soliton’s spectrum shifts to the red side inside the PCF in a continuous manner
(see Fig. 7.2a). Here, we use a semi-analytic approach for solving this equation and assume that
the soliton maintains its sech-shape inside the PCF but acquires a Raman-induced frequency shift
(RIFS) that decelerates the soliton and delays it. Both the frequency shift and temporal delay of
the Raman soliton can be included by writing the solution of Eq. (7.2) in the form

As(z,τ) =
√

Ps(z)sech
(

τ − τs(z)
Ts(z)

)
e−iδs(z)τ+iφ(z), (C.1)

where δs(z) is the RIFS and τs(z) is the delay caused by this shift. The peak power Ps and the width
Ts of the soliton can also vary with z.

Based on the dispersion properties of the fiber, the time delay satisfies the simple equation,

dτs

dz
= ∆β1(δs), (C.2)

where ∆β1 is the change in the propagation constant because of the RIFS. It can be written as

∆β1(δs) = β1(ωs +δs)−β1(ωs) = ∑
k≥2

β
(s)
k

(k−1)!
δ

k−1
s . (C.3)
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where we used the Taylor expansion of β . As (C.2) establishes a relation between the soliton’s
delay and RIFS, if we know δs(z), we can integrate this equation to obtain τs(z). Similarly, if we
know τs(z), we can calculate ∆β1(δs(z)) by differentiating it and find δs(z) by using the polynomial
in (C.3) with the known dispersion parameters.

The soliton’s peak power and its width are related by the area theorem stating that the nonlinear
and dispersion lengths must be equal [28], i.e.,

γPs = |β2(ωs +δs)|/T 2
s . (C.4)

As the number of photons N contained within a soliton should also remain the same (assuming
negligible radiation), we have the relation

N =

∫
|As|2dt

ℏ(ωs +δs)
=

2PsTs

ℏ(ωs +δs)
. (C.5)

The value of N can be estimated by measuring the soliton’s energy Es = 2PsTs at the output end of
the fiber. Using (C.4) and (C.5), we can find the soliton’s peak power and its width for any value
of frequency shift δs. In other words, All quantities appearing in (C.1) can be determined at any
location within the fiber if either τs(z) or δs(z) is known. Our goal is to use the spectral data to
infer the trajectory of δs(z) or τs(z) based on the measured spectra for the reflected pulse. This
trajectory does not always agree with numerical simulations of Eq. (7.2), because the modeling of
the Raman effect is based on a phenomenological Raman response function, and as a result, it is
very difficult to accurately predict the Raman soliton’s trajectory purely from simulation.

Wavelength of Reflected Pulse
Let us first discuss how we can calculate the wavelength of the reflected probe pulse along the
soliton’s trajectory. We assume that τs(z) is known. In the reference frame moving with the
soliton, t = 0 corresponds to the soliton’s peak at z = 0. The peak of the probe pulse is at t =−Td ,
where Td > 0 is the delay of the soliton relative to the probe pulse. As the probe pulse propagates
through the fiber, its center follows the trajectory:

τp(z) =−Td +∆β
(p)
1 z. (C.6)

Temporal reflection occurs when the trajectories of the soliton and probe pulse intersect at some
distance inside the fiber. Denoting this distance as zc, the two pulses collide when

τp(zc) = τs(zc). (C.7)

This equation can be solved when the soliton’s trajectory τs(z) is known.
We calculate the central frequency of the reflected pulse using the phase continuity relation

given in Eq. (1). Transforming this equation into the moving frame, we obtain

κ(δr)

δr
=

dτs

dz

∣∣∣
z=zc

, (C.8)
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where δr = ωr −ωp is the frequency shift during temporal reflection and κ is defined as

κ(δr) = ∆β
(p)
1 δr + ∑

k≥2

β
(p)
k
k!

δ
k
r . (C.9)

The reflected pulse’s frequency shift δr can be calculated from (C.8). During this calculation, we
use the velocity of the soliton at the collision point, which amounts to neglecting any deceleration
during the reflection process. This is a reasonable approximation. The dashed line in Fig. 7.3 was
obtained with this method.

Determination of soliton’s trajectory
The previous section provided a way of calculating the reflected pulse’s frequency for a known soli-
ton’s trajectory. In this section, we consider the inverse problem: how can one extract a soliton’s
trajectory based on the measured delay dependence of the reflected pulse’s spectrum? Mathemat-
ically, this dependence can be expressed by the function δr(Td). From (C.6) and (C.7), the initial
delay of a probe pulse colliding with the soliton at position z should be Td = ∆β

(p)
1 z−τs(z). Using

this relation, (C.8) becomes a first-order differential equation for the soliton’s trajectory:

dτs

dz
=

κ(δr(∆β
(p)
1 z− τs))

δr(∆β
(p)
1 z− τs)

(C.10)

(C.10) allows one to extract the trajectory of the soliton, τs(z), from the delay dependence of
reflected pulse’s spectrum. Typically, data taken for a single probe’s wavelength allows one to
retrieve only a portion of this trajectory. The entire trajectory is retrieved by stitching together the
results obtained with several probes at different wavelengths. The trajectory obtained this way is
shown in Fig. C.1. Different parts of this trajectory are obtained from different probe wavelengths.
The trajectory over the first 0.5m was found using a parabolic function because the higher-order
soliton creates a Raman soliton through the fission process over this distance.

To show the effectiveness of the preceding method, we performed simulations for the temporal
reflection of a probe pulse by solving Eq. (4) numerically using the soliton’s amplitude in the form
of (C.1). The solitons parameters appearing in (C.1) were calculated from the trajectory retrieved
using (C.10). The results are shown in Fig. C.2. Although the trend looks correct, calculated wave-
lengths of reflected pulses differ somewhat from measured values because of the approximations
made.

To improve the predicted values of wavelengths, we used an iterative approach. We used the
trajectory obtained from (C.10) as a starting point and minimized the discrepancy between the
measured and simulated results with few iterations. This procedure gave us the retrieved RIFS
trajectory shown in Fig. 9(d). Using this trajectory, we compare the experimental results with our
simulated results in Fig. C.3, showing an overall excellent agreement.
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Figure C.1: Soliton trajectory obtained from (C.10). Different parts of the trajectory are obtained
from measurements using different probe wavelengths. The first 0.5m is estimated with a parabolic
shape.
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Figure C.2: (a), (b) and (c): Simulated reflected wavelength based on the trajectory obtained
with Eq. (C.10) and the optimized trajectory. (d) The trajectory obtained by Eq. (C.10) and the
optimized trajectory.
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Figure C.3: Comparison of the output probe pulse spectrum. The left column shows the measured
data. The right column shows the simulation result based on the retrieved RIFS trajectory through
optimization.
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Appendix D

Simulation Code

In this appendix, I provide an example of simulation code. This code simulates the pulse propaga-
tion using Eq. (2.28). It is written in MATLAB.

There are two files to run the simulation. The main script is the one that defines the input
parameters. It calls a function file that performs the simulation and returns the results. The results
are then visualized by the main script.

Main script: TemporalReflectionSim.m:

% propagation length is in km, time is in ps, wavelength is in m

clear;

c=3e8;

Nt=2^14;% number of points in the time window

Nz=200;% number of points in the propagation direction

ratio_E=0.05;%ratio of the energy of probe pulse relative to pump pulse

lam2_FWHM=5e-9;%spectral FWHM of probe pulse in m

Td=1.2;%pump delay relative to probe

Tmax=10;% maximum time in the time window (time window width is twice of this)

dt=2*Tmax/Nt;

tau=(-Nt/2:Nt/2-1)*dt;% time window variable

nu_max=1/2/dt;

lam_ref=800e-9;% reference wavelength (corresponds to omega_0), wavelength uses SI unit

omega_ref=2*pi*c/lam_ref/1e12;% reference angular frequency in 1/ps

% dispersion parameters, beta(n)=beta_n in the equation. beta(1) is not

% used. Unit is in km and ps

beta=[0;-13.3;0.07;-5e-05];

gamma=1*105;% nonlinear coefficient in 1/W/km

lam1=800e-9;% input pump pulse central wavelength
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lam2=645e-9;% input probe pulse central wavelength

% include possible attenuation (as a function of wavelength). not used in this example

lam_att=[610,1600]*1e-9;

alphadB=0*[90,90];

domega2=2*pi*c/lam2^2*lam2_FWHM/2/sqrt(log(2))/1e12;

T2=1/domega2;% pulse width parameter for the probe pulse

T1=1*16e-3;% pump pulse width (not FWHM)

distance=3.75e-3;% total propagation length in km

% frequency offset from the reference frequency of the pump and probe pulses

delta_nu1=c*(1/lam1-1/lam_ref)/1e12;

delta_nu2=c*(1/lam2-1/lam_ref)/1e12;

P1=abs(beta(2,1))/gamma/T1^2;% input pump pulse peak power, use fundamental soliton here

tau_shock=lam_ref/2/pi/c*1e12;% defined as 1/omega_0, for self-steepening term

A1=1*sqrt(P1)*sech(tau/T1);% input pump pulse shape

A2=exp(-0.5*(tau+Td).^2/T2^2);% probe pulse shape

% rescale probe pulse shape such that the ratio of its energy to the pump

% pulse’s energy is ratio_E

A2=sqrt(ratio_E*sum(abs(A1).^2)/sum(abs(A2).^2))*A2;

% define the total input pulse envelope used in the simulation equation

A=1*A1.*exp(-1i*2*pi*delta_nu1*tau)+1*A2.*exp(-1i*2*pi*delta_nu2*tau);

% visualize the input pulse shape

figure,

yyaxis left,

plot(tau,abs(A1).^2);

ylabel(’pump pulse intensity (W)’);

yyaxis right,plot(tau,abs(A2).^2);

ylabel(’probe pulse intensity (W)’);

xlabel(’\tau (ps)’);

%% numerically solve the propagation equation

[AT,AW,omega,Z]=GNLSE_loss_ode45(lam_ref,tau,A,lam_att,1*alphadB,beta,1*gamma,1*tau_shock,distance,Nz);

%% visualize the results

tlim=[-1,5];% time window for plotting
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clim=[-35,0];% colorplot limit (in dB)

flim=[330,490];% frequency window for plotting (actual optical frequency in THz)

IT=abs(AT).^2;

ITmax=max(max(IT));

lIT=10*log10(IT/ITmax);

IW=abs(AW).^2;

IWmax=max(max(IW));

lIW=10*log10(IW/IWmax);% calculate the power (temporal and spectral) in dB

% color plot of the total pulse (pump and probe)

figure,subplot(2,1,1);

imagesc(tau,Z*1e3,lIT);

set(gca,’YDir’,’normal’);

colorbar;

colormap (1-jet);

xlabel(’t (ps)’);

ylabel(’z (m)’);

xlim(tlim);

caxis(clim);

subplot(2,1,2);

imagesc(omega_ref/2/pi+omega/2/pi,Z*1e3,lIW);

set(gca,’YDir’,’normal’);

colorbar;

colormap (1-jet);

xlabel(’f (THz)’);

ylabel(’z (m)’);

xlim(flim);

caxis(clim);

if exist(’flag_scan’,’var’)==1

saveas(gcf,foldername+"\"+figname1);

close all;

end

%% filtering out the pump and probe separately

filter=zeros(1,Nt);

Nu_range=80;

% filter the probe pulse

filter((omega+omega_ref)/2/pi>405 & (omega+omega_ref)/2/pi<515)=1;

AT_filtered=0*AT;

AW_filtered=0*AW;

for k=1:Nz

AW_filtered(k,:)=AW(k,:).*filter;

AT_filtered(k,:)=fft(ifftshift(AW_filtered(k,:)))/Nt/dt;

end
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% the remaining is the pump pulse

AT_filtered_out=AT-AT_filtered;

AW_filtered_out=AW-AW_filtered;

IT_filtered=abs(AT_filtered).^2;

ITmax_filtered=max(max(IT_filtered));

lIT_filtered=10*log10(IT_filtered/ITmax_filtered);

IW_filtered=abs(AW_filtered).^2;

IWmax_filtered=max(max(IW_filtered));

lIW_filtered=10*log10(IW_filtered/IWmax_filtered);

IT_filtered_out=abs(AT_filtered_out).^2;

ITmax_filtered_out=max(max(IT_filtered_out));

lIT_filtered_out=10*log10(IT_filtered_out/ITmax_filtered_out);

IW_filtered_out=abs(AW_filtered_out).^2;

IWmax_filtered_out=max(max(IW_filtered_out));

lIW_filtered_out=10*log10(IW_filtered_out/IWmax_filtered_out);

figure,subplot(2,2,1);

imagesc(tau,Z*1e3,lIT_filtered_out);

set(gca,’YDir’,’normal’);

colorbar;

colormap jet;

xlabel(’t (ps)’);

ylabel(’z (m)’);

title(’Pump Temporal’);

xlim(tlim);

caxis(clim);

subplot(2,2,2);

imagesc(omega_ref/2/pi+omega/2/pi,Z*1e3,lIW_filtered_out);

set(gca,’YDir’,’normal’);

colorbar;

colormap jet;

title(’Pump Spectral’);

xlabel(’f (THz)’);

ylabel(’z (m)’);

xlim([330,400]);

caxis(clim);

subplot(2,2,3);

imagesc(tau,Z*1e3,lIT_filtered);

set(gca,’YDir’,’normal’);

colorbar;

colormap jet;

title(’Probe Temporal’);
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xlabel(’t (ps)’);

ylabel(’z (m)’);

xlim(tlim);

caxis(clim);

subplot(2,2,4);

imagesc(omega_ref/2/pi+omega/2/pi,Z*1e3,lIW_filtered);

set(gca,’YDir’,’normal’);

colorbar;

colormap jet;

title(’Probe Spectral’);

xlabel(’f (THz)’);

ylabel(’z (m)’);

xlim(omega_ref/2/pi+delta_nu2+[-1,1]/2*Nu_range);

caxis(clim);

% plot the spectrum with wavelength

lam_sim=2*pi*c./(omega_ref+omega)/1e3;

lam_lim=[600,900];

figure,plot(lam_sim,IW(end,:));

xlabel(’wavelength (nm)’);

ylabel(’spectral intensity (a.u.)’);

xlim(lam_lim);

if exist(’flag_scan’,’var’)==1

saveas(gcf,foldername+"\"+figname3);

close all;

end

\end{lstlisting}

The function file GNLSE\_loss\_ode45.m:

\begin{lstlisting}

function [AT,AW,omega,Z]=GNLSE_loss_ode45(lambda_ref,tau,A1,lam_att,alphadB,beta,gamma,tau_shock,distance,Nz)

%lambda0 is in m, beta is in ps and km

%lambda (m) and alphadB defines the wavelength dependent attenuation in dB/km

dtau=tau(2)-tau(1);

Nt=length(tau);

n_beta=size(beta,1);

Tmax=Nt*dtau/2;

omega = fftshift((pi/Tmax)*(-Nt/2:Nt/2-1));

% fftshift the frequency so that no need to perform fftshift after doing fft for the pulse

omega_ref=2*pi*3e8/(lambda_ref)/1e12;%in THz

D1=zeros(size(omega));

% use the dispersion parameters to construct the dispersion operator in the frequency domain

for k=2:n_beta
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D1=D1+1i*beta(k,1)/factorial(k)*omega.^k;

end

% take into account of the possible attenuation (wavelength dependent)

alpha_temp=alphadB/10*log(10);

lam_temp=lam_att*1e9;

c=3e8;

alpha=interp1(lam_temp,alpha_temp,2*pi*c./((omega_ref+omega)*1e12)*1e9,’linear’,0);

D1=D1-alpha/2;

% construct the Raman response function hR

fb=1*0.21;

taub=96e-3;

fR=1*0.245;

tau1=12.2e-3;

tau2=32e-3;

hR_new=(1-fb)*(1/tau1^2+1/tau2^2)*tau1*exp(-tau/tau2).*sin(tau/tau1)

+fb*(2*taub-tau)/taub^2.*exp(-tau/taub);

hR_new(tau<0)=0;

function R=rhs(z,AW)

% evaluate the right hand side of Eq. (2.31), AW in this function actually

% corresponds to B(z,omega).

AT_temp=fft(AW.’.*exp(D1*z));% get the temporal pulse shape

% evaluate the nonlinear operator in the time domain

% convolution of the pulse intensity with Raman response function

conv=real(Nt*fftshift(dtau*fft(ifft(hR_new).*ifft(abs(AT_temp).^2))));

% terms inside the final braket in Eq. (2.25)

temp=AT_temp.*((1-fR)*abs(AT_temp).^2+fR*conv);

% perform derivative in the frequency domain

deriv=fft(-1i*omega.*ifft(temp));

N=ifft(1i*gamma*temp-gamma*tau_shock*deriv);% nonlinear operator

% obtain the right hand side of Eq. (2.31)

R=N.*exp(-D1*z);

R=R(:);

end

% === define function to print ODE integrator status

function status = report(z, y, flag) %
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status = 0;

if isempty(flag)

fprintf(’%05.1f %% complete\n’, z/distance*100);

end

end

% === setup and run the ODE integrator

Z = linspace(0, distance, Nz); % select output z points

% === set error control options

options = odeset(’RelTol’, 1e-5, ’AbsTol’, 1e-12, ...

’NormControl’, ’on’, ...

’OutputFcn’, @report);

% use ode45 solver to solve for the propagation

AW_ini=ifft(A1);

[Z,AW]=ode45(@rhs,Z,AW_ini,options);

% the solved result AW is actually B defined in Eq. (2.30)

for i=1:length(Z)

AW(i,:)=AW(i,:).*exp(D1*Z(i));% convert B to A in freq domain

AT(i,:)=fft(AW(i,:));% obtain A in time domain

AW(i,:)=fftshift(AW(i,:))*Nt*dtau;% scale the unit

end

omega=ifftshift(omega);% do a final fft shift of omega, which is returned

end
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ing of quantum light pulses by electro-optic phase modulation. Physical Review Letters,
118(2):023601, 2017.

[91] Petr Hlubina, Marcin Szpulak, Dalibor Ciprian, Tadeusz Martynkien, and Wacław
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[92] TM Kardaś and Czesław Radzewicz. Broadband near-infrared fibers dispersion measure-
ment using white-light spectral interferometry. Optics Communications, 282(22):4361–4365,
2009.

[93] A Demircan, Sh Amiranashvili, and Gunter Steinmeyer. Controlling light by light with an
optical event horizon. Physical Review Letters, 106(16):163901, 2011.

[94] RL Fork, OE Martinez, and JP Gordon. Negative dispersion using pairs of prisms. Optics
Letters, 9(5):150–152, 1984.

[95] Ewelina Majda-Zdancewicz, Marek Suproniuk, M Pawłowski, and M Wierzbowski. Cur-
rent state of photoconductive semiconductor switch engineering. Opto-Electronics Review,
26(2):92–102, 2018.


	Biographical Sketch
	Acknowledgments
	Abstract
	Contributors and Funding Sources
	List of Figures
	Introduction
	Reflection and Refraction
	Temporal Analog of Reflection and Refraction
	Thesis Outline

	Theoretical Background
	Maxwell's Equations
	Temporal Boundary
	Moving Boundary and Dispersion
	Pulse Propagation in Optical Fibers
	Numerical Techniques

	Temporal Reflection Analysis
	Modeling of a Temporal Boundary
	Two Analogies
	Step-like Boundary
	Reflected and Transmitted Pulses
	Boundary with a Finite Rise Time
	Time-Domain FP Resonator
	Conclusion

	Boundary Formed by Short Pulses
	Optical Solitons
	Raman Scattering
	Temporal Reflection
	Temporal Focusing
	Analytical Theory
	Conclusion

	Temporal Waveguides
	Modeling of Temporal Waveguides
	Raman-induced Bending of a Temporal Waveguide
	A Non-inertial Reference Frame
	Coupled-Mode Equations
	Model Based on Two Modes
	Conclusion

	Experiments on Temporal Waveguides
	Numerical Simulations
	Experimental Setup and Results
	Conclusion

	Probing the Boundary's Trajectory
	Numerical Simulations
	Experimental Probing of the Raman Soliton's Trajectory
	Impact of Pump Pulse Dynamics
	Pump Pulse as a Fundamental Soliton
	Effect of Wider Pump Pulses
	Effect of Chirped Pump Pulses

	Discussion and Conclusion

	Summary and Future Work
	Derivation of q Transformation Law of a Gaussian Pulse
	Dispersion Measurement of Photonic Crystal Fiber
	Extraction of Raman Soliton Trajectory
	Simulation Code
	Bibliography

