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ABSTRACT

We discuss the nonlinear process of optical parametric amplification inside a chiral crystal. We show that circular birefringence, induced by
chirality, leads to two different nonlinear processes with different phase-matching conditions that are associated with the opposite states of
circular polarizations. A single nonlinear process occurs only when the states of polarization of the incident pump and signal beams are both
circular and orthogonal. When these beams are linearly polarized initially, their state of polarization evolves in an elliptical fashion because of
the two competing nonlinear processes taking place in parallel. We also discuss the properties of singly and doubly resonant optical parametric
oscillators made by placing a chiral nonlinear crystal inside an optical cavity.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0231374

. INTRODUCTION

Chirality, an intriguing property of matter, has been attract-
ing considerable attention in recent years. ’ Chiral media have
been used for extensive linear and nonlinear spectroscopic studies
to probe their structural and dynamic features. In particular, the
interaction of electromagnetic waves with a chiral medium produces
interesting properties such as optical activity, spatial dispersion, and
the breakdown of inversion symmetry. Even though such phenom-
ena do not affect much the magnitude of linear refractive index,
they impact considerably the state of polarization (SOP) of light and
introduce novel features such as gyrotropy.

In this context, the nonlinear effects, particularly those sen-
sitive to the breakdown of spatial inversion symmetry, are of
growing interest for devices with specific functionalities involving
gyrotropy.” " In this work, we address the issue of optical paramet-
ric amplification (OPA) and its use for making an optical parametric
oscillator (OPO). Non-chiral nonlinear crystals are routinely used
for making OPAs and OPOs, and the discussion of such devices can
be found in any book on nonlinear optics.” '* Here, we focus on the

novel aspects introduced by the chiral nature of a nonlinear crystal
and, specifically, the impact of the chirality through the optical activ-
ity on the phase-matching issue, which determines the efficiency
of the nonlinear optical processes in general and in fact their very
functionality. Our results show that new features emerge from the
nonlocality and the breakdown of spatial inversion symmetry, owing
to the contributions of electric quadrupolar and magnetic dipolar
interactions, in addition to the electric dipolar ones, and strongly
affect the phase matching procedure through the involvement of the
optical activity.

For a proper description for a chiral medium, it is necessary
to employ an appropriate multipole expansion of the interaction of
that matter with incident radiation.'”"* In this approach, nonlocality
enters through the field derivatives, and the response of the chi-
ral medium is expressed in terms of susceptibilities that govern the
structural and dynamical aspects of the field-matter interaction. The
quadrupolar and magnetic dipolar terms in the multipole expansion
have distinct meaning, and their impact on the dielectric response
can be studied using Maxwell’s equations.
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In this work, our objective is to discuss OPA in a nonlinear chi-
ral dielectric with a finite second-order susceptibility. To simplify the
following discussion, we ignore the nonlinear effects in Sec. II and
focus on the chiral aspects of a linear dielectric medium. The non-
linear effects are included in Sec. I1], where we discuss the nonlinear
process of three-wave mixing inside a chiral crystal exhibiting a finite
second-order susceptibility. A set of three coupled nonlinear equa-
tions is derived in this section for both the left- and right-circularly
polarized (RCP) components associated with the pump, signal, and
idler waves. This set of equations is solved approximately in Sec. IV
under the assumption that the pump beam remains nearly unde-
pleted inside the nonlinear crystal. The results show that, owing to
the chirality, the parametric gain and the phase-matching condi-
tion are generally different for the left- and right-circularly polarized
components of the signal and idler waves. The use of chiral nonlin-
ear crystals for making an OPO is discussed in Sec. V, and the main
conclusions are summarized in Sec. V1.

Il. LINEAR CHIRAL MEDIA

The starting point of the analysis is the phenomenological
constitutive relation for optically active media in the form D = ¢
(¢E + yV x E), where both ¢ and y are tensors; the nonlocal charac-
ter of this response is reflected by the presence of spatial derivatives
of the electric field (rotation, through the curl operation) being a
consequence of the electromagnetic induction and is compatible
with the expressions derived using the interaction up to linear terms
in the field derivatives. A specific component of the electric flux
density D can be written as

D, = €0€ijEj, (1)
with the dielectric permeability tensor including first-order spatial
derivatives involving rotation, with i, j, and k taking three values x,
y,and z (or 1, 2, 3). Here, & is taken as a linear combination,

2

()
&ij = 81-]- + yt]l

8xl ’

of a term &

j  without rotatory dispersion and a term y,; being a
third-rank tensor obeying the [anti-]symmetry condition y;; = -y,
for a non-absorbing dispersive medium. We consider propagation
along the optic axis of a cubic or doubly refracting crystal so that y;,
reduces to the form

cf
Vil = eijp> (3)

where ¢ is the vacuum speed of light, w is the angular frequency of
radiation, and f is a pseudoscalar measuring the magnitude of spe-
cific rotation at this frequency. The unit permutation tensor of third
rank e; is also known as the Levi-Civita tensor.

The use of Eq. (2) in Maxwell’s equations for a nonmagnetic
dielectric medium leads to the frequency-domain wave equation,

0
[(v2 +K)8; + yﬁ,a—m]Ej(w) =0, (4)

where §j; is the Kronecker delta function and k is defined as

K = (w)c)*e™. (5)
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For a plane wave propagating along the z direction, the transverse
electric field components, Ex(w,z) and E,(w,z), vary with z but
do not depend on x or y. In this case, the solutions of Eq. (4)
are left-circularly polarized (LCP) and right-circularly polarized
(RCP) plane waves with different wave vectors. If we denote the
electric field of these two waves as E* = EX & + Eyij/, the four field
components satisfying Eq. (4) can be written as

Ex (w,2) = +iE; (w,z) = Eq exp (ik*z), (6)

where Ey is the common amplitudes and k* are the wave numbers
associated with the LCP and RCP waves. Their magnitudes differ by
a small amount because of chirality such that

kK ~k+a, 7)
where the chirality parameter « is defined as
a=(k"-k)/2=wf/2c (8)

This result shows that the chirality of a medium introduces circular
birefringence in that medium.

A linearly polarized wave can be decomposed into its LCP and
RCP parts that acquire different phase shifts when « # 0. After prop-
agating some distance into the chiral medium, its electric field can be
written as

1 —
Ej(w,z) = E[Ej-(w,z)+Ej (w,2)] 9
for j = x,y. Using Eq. (6) in this expression, we obtain

Ex(w,z) = Ey exp (ikz) cos (az), (10a)

Ey(w,z) = Eo exp (ikz) sin (az). (10b)

These relations show that the initially linear state of polarization
(SOP) of a plane wave remains linear but rotates at the rate & = wf /2¢
as the plane wave traverses the chiral medium.

From the quantum-mechanical expressions''® of the response
functions in Egs. (1) and (2), it is clear that y measures the pho-
toinduced modification of the orbital (angular) momentum through
electromagnetic induction; this sets up a time varying magnetic field,
which induces the additional electric moment related to the opti-
cal activity in Eq. (1). This is analogous to the electronic spin-orbit
coupling energy in semiconducting compounds, being also a (non-
local) manifestation of the electromagnetic induction and provide
photospin-orbit coupling in photonic structures.

I1l. OPA IN NONLINEAR CHIRAL MEDIA

We now extend the preceding treatment to the case of a nonlin-
ear chiral medium following the approach of Bey and Rabin.'® The
second-order nonlinear process of OPA involves the interaction of
three waves, known as the pump (p), the signal (s) and the idler (c),
at the frequencies wp, ws, and wc, respectively. The energy conserva-
tion requirement for the OPA process leads to the following relation
among these frequencies:

Wp = W + We. (11)
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In the nonlinear case, the frequency-domain wave equation in
Eq. (4) should be modified to include the second-order nonlinear
polarization setup by the effective fields generated inside a dielectric
medium by the incident ones. In the present case, the effective fields
have an additional component arising from chirality, together with
the components in Eq. (10). Moreover, the second-order polariza-
tion has a small term containing third-order susceptibility that we
neglect in the following analysis. Owing to the chiral nature of the
nonlinear medium, we need to consider the two circularly polarized
components at each frequency separately.

Assuming a time dependence of the form exp(—iw;t) for a wave
oscillating at the frequency w; and making the plane wave approxi-
mation, the x and y components of the plane wave at the frequency
w; are found to satisfy the following two coupled equations:

P\ wifi\ OE; (0n2)
(§+k,»)Ex(cu,,z)+(T)T

1(wi)\?
. 7(@) PO (wy,2), (12a)
&0 C

e 2\ wifi\ OE; (wi, 2)
(@”‘f)Ey(‘”“Z*(T)T

N2
= é(%) PO (w,2), (12b)

where the last term accounts for the induced nonlinear polariza-
tion in the chiral medium, f; = f(w;) accounts for the frequency
dependence of chirality, and k; is defined as

ki = a(o)wi/c (i=p, s ©). (13)

As in the case of a linear chiral medium, the wave number k;* can be
written in the form

k;t ~ki+a, o= w,-ﬁ/Zc. (14)

Similar to the linear case, we look for solutions of the two
inhomogeneous wave equations in Eq. (12) in the form

Ex (wi»z) = +iE; (wi,z) = E* (wi, z) exp (iki z). (15)

Using P,(Cz)i(a),-,z) = iiPy(z)i(wi,z) in Eq. (12) and making the
paraxial-wave approximation, the slowly varying amplitudes
E*(wi, z) of the electric field satisfy (for i = p,s,c)

dEi(w,‘,z)i i (ﬂ

2
(2)+ g+
P i) - t . 1
e e ) (i, z) exp (—ik; z) (16)

c
The polarization term in this equation depends on the nonlinear
crystal and the geometry used for a specific nonlinear process. We
focus on a uniaxial anisotropic crystal of symmetry class 32 such
that the z axis is aligned along its optic axis and the x axis lies along
its twofold axis of symmetry. The incoming pump and signal waves
are polarized linearly along the x axis, and their wave vectors are
directed along the z axis. In this situation,

E"(wp,0) = E (wp,0), (17a)

ARTICLE pubs.aip.org/aipljcp
E*(05,0) = E (w5,0), (17b)
E*(we,0) = E" (we,0) = 0. (17¢)

The nonlinear polarizations at the frequencies of the three waves
involved in the OPA process are obtained following the approach
of Bey and Rabin.'® The result is

PJEZ)i(WS)Z) = :l:iP}(,z)i((uS,z)
- zﬁdnEn(wc,z)E*(wp,z) exp (i(k} —k)z), (18a)

P)((Z):t P)(/Z):t

(we,z) = i

= s—zodnEi*(ws,z)E*(wP,z) exp(i(k; 7k§‘)z), (18b)

(we,2)

P,(Cz)i(wp,z) = iz’P}(,z)*(wp,z)

- %OduE*(ws,z)E*(wc,z) exp (i(k¥ +k)z), (18c)

where di; depends on a specific component of the second-order
nonlinear susceptibility y'?. The complete treatment with a depleted
pump for the OPA and OPO with associated Manley-Rowe relations
will be presented in Jonsson ef al.'”

Upon substituting Eq. (18) into Eq. (16), we obtain the coupled
amplitude equations describing the evolution of the circularly polar-
ized components of the three waves involved in the OPA process as
follows:

dE* (ws, idn (@05)? e
% - 1421 (%) Ei (wC)Z)Ex(wp’Z)
S

x exp (i(Ak F Aa)z), (19a)

" . 2

x exp (i( Ak ¥ Aa)z), (19b)

dz 4k
x exp (—i(Ak + Ax)z), (19¢)

(% )ZE; (ws, z)E; (we, z)

where we used the relation wp, = ws + w. together with the following
definitions:

Ak=ky —ks—ke, Aa=ap—oas—ac (20)
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Equation (19) represents two sets of three coupled equations. These
sets describe the OPA of LCP and RCP components of the signal
inside a chiral nonlinear medium, corresponding to the choice of
+ and — signs. Each nonlinear process also creates an idler (or con-
jugate) wave with the same state of polarization. It is important to
note that the phase-matching conditions, Ak = +Aaq, are different for
these two nonlinear processes. In contrast, a single phase-matching
condition, Ak = 0, needs to be satisfied when the nonlinear medium
is not chiral.

Equation (19) shows that the OPA in a chiral medium depends
strongly on the initial SOP of the pump and signal. The simplest
situation occurs when the two beams are launched with opposite cir-
cular SOPs, say RCP for the signal and LCP for the pump. In this
case, the phase matching requires Ak = Aa, and the SOP of the idler
wave matches that of the signal. All three waves remain circularly
polarized inside the chiral medium.

The situation is quite different when both the pump and signal
beams are launched into the chiral medium with the identical lin-
ear SOPs, e.g., both polarized along the x axis. As is evident from
Eq. (19), two different OPA processes couple circularly polarized
components of these waves, requiring different phase-matching con-
ditions. As it may be difficult to satisfy both of these conditions
simultaneously, efficiencies of the two OPA processes would be dif-
ferent in practice, implying that all three waves would have different
elliptical SOPs that would also evolve inside the nonlinear chiral
medium. The technique of quasi-phase matching has been used with
success in chiral liquids for sum-frequency generation and other
applications,* * and it may be useful for OPAs as well.

IV. SIMPLIFIED THEORY OF OPAS

Equation (19) can be simplified considerably when the pump
beam is so intense initially that its depletion remains negligible along
the entire length of the nonlinear crystal. Negligible pump depletion
implies that E, can be treated as a constant in Eq. (19), which reduces
to two sets of two linearly coupled equations between E; and E;.
Using the notation E;(z) = E(wj,z) for j = p,s,c, one of these sets
can be written as

dEf .. .
- iKE E." exp (i(Ak - Aa)z), (21a)
dEX* sk ek ot .
S —iK E," E; exp (—i(Ak - Ax)z), (21b)
where
du [ ws 2 dn  we 2
Ks=—1[—), Kc=—\—]. 22
4k5( Cc ) 4kc( c ) ( )

The second set is obtained by interchanging the + and — superscripts
in Eq. (21).

Both sets of equations can be solved by writing the solution in
the form

Ef = & exp (iysz), Ef =& exp(iyrz), (23)
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where y; and y¥ are the effective propagation constants of the signal
and idler waves. Substituting this form into Eq. (21), we obtain a set
of four coupled linear equations, which we write in a matrix form as

ys  -KE, 0 0 &
-KE,"  p” 0 0 &
S Je g N | R e
0 0 v -KE || &
0 0 A R AV
In addition, y¢ and y satisfy the relations
ysi = 7))2“* + ARz, (25)

where AR, = Ak + Aa.

Equation (24) shows that a nontrivial solution exists when the
determinant of the matrix vanishes. This requirement leads to two
quadratic equations as follows:

yo? i ARC + KKE, [ = 0, (26a)

yol - ys AR, + KKJES | = 0. (26b)

The solutions of the two quadratic equations are

1 .
Yz = 5 (AR £ igs), (27a)
- 1 .
Ysi = E(ARJr +ig ), (27b)
where the parametric gain for the two OPA processes is defined as
2
g = (4KK|E;[*)” - ARZ. (28)
The preceding solution can be used to determine &* and &* using
the boundary conditions at the entrance of the crystal at z = 0.” In
the general case where both the signal and idler are launched atz = 0
with the electric fields E¥ (0) and E=*(0), the solution at a distance

z is found to be

Ef = [&5 exp(—g+2z) + & exp (g+2)] exp (iARz2), (29a)

EX* = [65 exp(~g-2) + &% exp(g-z)]exp (-iAR=z),  (29b)

where
ot 1 . + we (ke 12 F ook
6= g | e B ) - () FE O] G0
+ S S

ks

1 . w0 1/2
- ae - 2(2) gro] ow

These expressions simplify considerably when only the pump and
signal beams are incident on the nonlinear crystal, and the idler wave
is generated inside that crystal. In this situation, we can set E£ (0) = 0
in Eq. (30).
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FIG. 1. Evolution of the polarization state and amplification of the signal in the
case |Aa| < |Ak| for the parameter values 4KsKc|ET (0)[2L = 2.5, AKL = 3, and
Aal = 1.

The evolution of the polarization state and the amplification
of the signal are conveniently expressed in terms of its Stokes
parameters as follows:”!

So=|E+|EST, Sy =BT - ST, 1)
Si1 = 2Re[ES*E; ], S =2Im[E{*E; ],
where the elevation S3/Sy provides the normalized ellipticity and
the azimuth (S$1,5,)/So indicates the axes’ orientation of the
polarization ellipse.

Figure 1 shows the evolution of the polarization state and
the signal’s amplification along the OPA’s length when the chi-
ral contribution to the phase-matching condition is less than the
electric-dipolar term, |Aa| < |Ak|, with the parameter values given
there. The corresponding Stokes trajectory is shown in Fig. 2 on
the Poincaré sphere. As seen there, the initially linear polarization
state [S3(0) = 0] evolves gradually toward an elliptic one, following
a spiral path on the Poincaré sphere. In cases where the sign of the

—1.0 0.0

—0.5 ¢
0.5 _

S 1.0 Lo

FIG. 2. Evolution of the Stokes parameters shown in Fig. 1 plotted as a trajectory
on the Poincaré sphere.
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FIG. 3. Evolution of the polarization state and amplification when the chiral con-
tribution to the phase matching matches in magnitude the electric-dipolar phase
mismatch: AkL = —AaL = 3; other parameters are equal to those used in Fig. 1.

chirality coefficient « is opposite, going from dextrorotation to lev-
orotation, the Stokes trajectory is effectively mirrored in the plane
S3=0.

A similar behavior occurs when the chiral contribution to phase
matching is larger but does not exceed the dipolar contribution. The
specific case in which the magnitude of chiral contribution matches
the dipolar one (|Aal = |Ak|) is shown in Figs. 3 and 4. The signal is
amplified in nearly the same fashion, but evolution of the polariza-
tion state is different. Not only the pitch of the spiral increases on the
Poincaré sphere, but the final state also corresponds to a circularly
polarized eigenmode.

The evolution of the signal becomes quite different when the
chiral contribution significantly exceeds the dipolar contribution to
the phase mismatch. An example is shown in Figs. 5 and 6 using
AkL =3 and AaL = -10. The signal’s power no longer increases
monotonically and exhibits an oscillatory pattern. In fact, it never
exceeds the input level, indicating that parametric amplification

FIG. 4. Evolution of the Stokes parameters shown in Fig. 3 plotted as a trajectory
on the Poincaré sphere.
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FIG. 5. Evolution of the polarization state and amplification when the chiral con-
tribution to the phase matching exceeds the electric-dipolar contribution: AL = 3
and AaL = —10; other parameters are equal to those used in Fig. 1.

—-1.0

57 1.0

FIG. 6. Evolution of the Stokes parameters shown in Fig. 5 plotted as a trajectory
on the Poincaré sphere.

ceases to occur. The Stokes parameters also vary in a zigzag fash-
ion, resulting in a complicated pattern of the polarization state on
the Poincaré sphere. These features are due to a periodic transfer of
energy back and forth between the signal and idler waves.

V. OPTICAL PARAMETRIC OSCILLATORS

OPOs make use of the optical gain provided by an OPA to cre-
ate a tunable source at one or two wavelengths that are different from
the laser used to pump the OPO.”'""* This is achieved in practice
by placing an OPA between two properly designed mirrors form-
ing an optical cavity. In a doubly resonant OPO, mirrors are made
transparent at the pump wavelength but are highly reflective at both
the signal and idler wavelengths. In contrast, the mirrors reflect only
one wavelength (signal or idler) in a singly resonant OPO and are
transparent at the other two wavelengths. Since only the pump is
incident on the nonlinear crystal, the signal and idler beams build

ARTICLE pubs.aip.org/aipl/jcp

up inside this crystal from noise photons (provided by parametric
fluorescence) over multiple round trips inside the cavity.

An important concept in the operation of an OPO is that of
its threshold, defined as the minimum pump power needed before
which coherent radiation is emitted by the OPO at the signal and/or
idler wavelengths. A simple way to estimate this threshold consists of
requiring that the optical field remains unchanged after each round
trip inside the cavity. In the case of a non-chiral medium and a singly
resonant OPO, the signal field after one round trip can be written as

E{(z+2L) = Rexp[2(g — Ii)L + i¢r|E«(2), (32)

where R is the reflectivity of two mirrors (assumed to be the same),
g is the parametric gain inside a nonlinear crystal of length L, J; is
the internal loss of the crystal, and ¢, is the phase shift acquired
over one round trip. Frequencies of the cavity modes are found
by setting ¢, = 2mm, where m is an integer. Using the condition
Es(z+2L) = E¢(z), the threshold is reached when the gain is high
enough to satisfy Rexp[2(g—i)L] =1 or

1
g=li+hn  ln=5-In(1/R), (33)

where I, is the loss at two mirrors, distributed over the cavity’s
length. This condition can be used to find the threshold value of the
pump power after noting that g scales linearly with the pump power.
The preceding threshold condition can be used for a chiral
nonlinear medium as well with one difference. Because of different
parametric gains for the LCP and RCP states in a chiral crystal, as
indicated in Eq. (28), the threshold conditions are different for these
two polarization states and can be written as
g+ = li+ + lrn) g-= li— + lma (34)
where the internal losses can be different for the two polarization
states. Using g, from Eq. (28) with the same internal loss, pump
powers needed to reach the threshold are given for the LCP and RCP
modes as

By + AR2)2
P — Ei 2 _ ( tot + , (35)
+ =B 4K K.

where ot = i + I, is the total loss of the cavity. It follows that
the threshold pump power depends on the phase mismatch and is
smaller for the polarization state for which the phase mismatch is
smaller. In practice, a chiral OPO will operate in only that circular
polarization state (RCP or LCP) for which the phase-matching con-
dition is nearly satisfied. The reason is that once the lower threshold
is reached, that particular polarization state builds up exponentially
over multiple round trips inside the cavity. As a result, even a small
difference in the values of g, and g_ suffices to force the circular
polarization state with the larger gain to dominate the OPO output.

As is discussed in several textbooks,”'"'” the case of a doubly
resonant OPO is more complicated. The reason is that such lasers
provide output simultaneously at two wavelengths corresponding to
the signal and idler waves. It is thus necessary to consider how these
two waves build up after each round trip and impose the condition
that the electric field does not change after each round trip for both
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of them. Following the discussion in Ref. 11, the threshold condition
for a non-chiral doubly resonant OPO is

(1-Ree ") (1 - Ree ™)
Rse_l"L + Rce_l"L

cosh(gL) =1+ , (36)
where the mirror reflectivity is allowed to be different for the signal
and idler waves that are being amplified inside the nonlinear crystal.

We can use Eq. (36) for a chiral OPO as well provided that we
replace g with g, for the two circular polarization states. Once again,
the polarization state with the largest gain has a lower pump power
and will reach the threshold first and will dominate at the OPO out-
put. In practice, the threshold pump power is decreased by a large
factor for doubly resonant OPOs. In spite of this advantage, such
OPOs are rarely used because singly resonant OPOs are much more
stable compared to them.

VI. CONCLUDING REMARKS

In this paper, we have developed the theory behind the non-
linear process of optical parametric amplification inside a chiral
crystal. As is well known, chirality makes the nonlinear medium cir-
cularly birefringent. We show that circular birefringence, induced by
chirality, leads to two different OPA processes with different phase-
matching conditions that occur simultaneously and are associated
with opposite states of circular polarizations. A single nonlinear
process occurs only when the states of polarization of the incident
pump and signal beams are both circular and orthogonal. When
these beams are linearly polarized initially, their states of polariza-
tion evolve in an elliptical fashion because of the two competing
OPA processes taking place in parallel. The idler wave generated
during the OPA also becomes elliptically polarized.

We also discuss how the OPA process can be used to make
an OPO by placing a chiral nonlinear crystal between two properly
designed mirrors forming an optical cavity. We consider both the
singly and doubly resonant OPOs and show that they both have dif-
ferent threshold pump powers for the LCP and RCP modes. Our
main conclusion is that such OPOs will emit circularly polarized
light, no matter how they are pumped. The helicity of the emitted
radiation depends on which of the two nonlinear processes, involv-
ing the RCP and LCP components of the pump, signal, and idler
waves, is nearly phase-matched and thus reaches the threshold first.
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