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We show that a spatiotemporal Bragg grating can be created
inside a nonlinear dispersive medium (such as silica fibers)
by launching a periodic train of pump pulses that travel as
fundamental solitons. We develop a theoretical model and
use it to find the band structure of such gratings. We study
the interaction of a probe pulse with the Bragg grating, both
within and outside of momentum gaps. We also show that
a photonic analog of the Anderson localization is possible
when a disorder is introduced into a spatiotemporal Bragg
grating. © 2024 Optica Publishing Group. All rights, including for
text and data mining (TDM), Artificial Intelligence (AI) training, and
similar technologies, are reserved.
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Reflection and refraction of optical fields at a temporal boundary,
with different refractive indices on its two sides, have attracted
considerable attention in recent years [1–9]. A static tempo-
ral boundary is not easy to realize in practice as it requires a
rapid change in the refractive index across the entire length of
a suitable medium. A moving boundary, called a spatiotempo-
ral boundary, was considered in a 2007 study [2]. A moving
boundary was also used in Ref. [4] for studying the temporal
reflection of optical pulses inside a dispersive waveguide such
as an optical fiber. A spatiotemporal boundary can be realized
in practice through a nonlinear index change induced by short
pump pulses [10]. The temporal analog a Fabry–Perot interfer-
ometer is realized by launching two short pump pulses separated
in time by a fixed delay [11].

When a train of short pump pulses is launched into a dis-
persive nonlinear medium, such as an optical fiber, it creates a
periodic spatiotemporal modulation of the refractive index by
increasing the index by a small amount (typically <10−6) over
the duration of each pump pulse. Such periodic index changes
produce the spatiotemporal analog of a Bragg grating. Such a
moving grating exhibits bandgaps in the momentum or k space,
which are an analog of the frequency bandgaps occurring for
a spatial Bragg grating. When a probe pulse, launched at a
different wavelength, interacts with such a grating, it may be
reflected or transmitted depending on whether its propagation
constant (or wavenumber) lies inside or outside of a momentum
gap. The temporal analog of a static Bragg grating has been dis-
cussed recently, without including the dispersive or the nonlinear
effects of the medium [12]. It is expected that novel features

would emerge when both the dispersive and nonlinear effects are
included.

In this work, we investigate the interaction of probe pulses
with a spatiotemporal Bragg grating, formed by a train of short
pump pulses launched into an optical fiber, and include the
effects of chromatic dispersion explicitly. The Kerr nonlinear-
ity of a silica fiber increases its refractive index only over the
duration of each pump pulse, resulting in a periodic index modu-
lation that creates a Bragg grating, moving at the speed of pump
pulses. We first present a mathematical model used to study the
interaction of probe pulses with such a grating inside an optical
fiber. We use it to discuss the band structure of spatiotemporal
Bragg gratings and show that the frequency of the eigenmodes
becomes imaginary in specific ranges of the wavenumber that
correspond to the so-called momentum gaps. Such gaps exist
whenever the refractive index of a material varies with time in
a periodic fashion and have attracted considerable attention in
the context of photonic time crystals [13–15]. Numerical simu-
lations are used to reveal how the probe’s evolution is modified
by the presence of a spatiotemporal Bragg grating.

The formation of a spatiotemporal Bragg grating through the
Kerr nonlinearity requires that the train of pump pulses maintain
its structure (the shape, width, and interpulse spacing) during
its propagation inside an optical fiber. This can be realized if the
wavelength of pump pulses is chosen in the anomalous region,
where the second-order dispersion parameter β2 has a negative
value, and their peak power is chosen such that each pump pulse
propagates as a fundamental soliton. Moreover, solitons should
be separated far apart enough that their nonlinear interaction is
negligible. In this situation, the nonlinear index change induced
by the Kerr effect varies with time as follows:

δn(t) =
n2Ps

Aeff

∑︂
m

sech2
(︂ t − mTd

T1

)︂
, (1)

where n2 is the Kerr coefficient, Aeff is the effective mode area of
the fiber, and the sum is over all pulses within the soliton train.
Each soliton of width T1 has a “sech” shape, and two neighboring
solitons are separated in time by Td. The input peak power Ps

of fundamental solitons is chosen such that γsPsT2
1/|β2s | = 1,

where the nonlinear parameter is defined as γs = n2ωs/(cAeff)

[10].
To study how a moving Bragg grating, created by pump pulses,

affects the propagation of a probe pulse launched at a different
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wavelength, we solve a standard nonlinear Schrödinger equa-
tion [10] describing the evolution of a weak probe pulse, but
include its interaction with pump pulses through a cross-phase
modulation term. The resulting equation is as follows [4]:

∂A
∂z
+ ∆β1

∂A
∂t
+

iβ2

2
∂2A
∂t2 =

2iω0

c
δn(t)A, (2)

where t = ta − z/vs is the reduced time in a moving frame, ta is
the actual time, and vs is the velocity of solitons. The probe’s
envelope A is defined such that the electric field is given by
E(z, t) = Re[A(z, t) exp(iβ0z − iω0t)], where the reference fre-
quency ω0 can be different from the probe’s central frequency
and β0 is the corresponding propagation constant. The parame-
ter, ∆β1 = 1/vg(ω0) − 1/vs, is related to the mismatch between
the speed of the pump pulses and the group velocity at ω0; β2

is the dispersion parameter at ω0. The factor of 2 on the right
side of Eq. (2) results from index changes induced through the
nonlinear phenomenon of cross-phase modulation (XPM) [10].

By choosing the reference frequency ω0 suitably, we can
eliminate the ∆β1 term in Eq. (2). This is achieved by utiliz-
ing the zero-dispersion wavelength of the fiber and choosing
ω0 as the frequency for which the speeds of pump and probe
pulses become the same (two frequencies lie on opposite sides
of the zero-dispersion wavelength). It is also useful to normalize
Eq. (2) using two new variables: τ = t/Td and ξ = z(|β2 |/T2

d ). If
we also use Eq. (1), we obtain the following equation:

∂A
∂ξ
+

i
2
∂2A
∂τ2 =

iCx

τ2
1

∑︂
m

sech2
(︂ τ − m
τ1

)︂
A(ξ, τ), (3)

where we have introduced two normalized parameters as
follows:

Cx =
2|β2s |ω0

β2ωs
, τ1 =

T1

Td
. (4)

The parameter Cx governs the XPM-induced coupling between
pump and probe pulses Its value is close to 2 when |β2s |ω0 ≈

β2ωs. In the following analysis, we choose Cx = 2. The parameter
τ1 represents the duty cycle of the train of pump pulses. Typically,
τ1 is ∼0.1 because the width of pump pulses should be a small
fraction of their pulses’ separation.

We first use Eq. (3) to find the band structure of spatiotemporal
Bragg gratings created by pump pulses. This equation has the
same mathematical form as the Schrödinger equation for an
electron moving in a periodic potential. We can thus utilize
the Bloch theorem to find its solution. To be specific, we find
solutions of Eq. (3) in the following form:

A(ξ, τ) = ei(κ ξ−Ωτ)Ā(τ), (5)

where Ā(τ) is a periodic function of τ (with period 1 in our
normalized units) and κ is the Bloch wavenumber. For a given
value of κ, we solve the eigenvalue equation for Ā(τ) numeri-
cally to find the eigenvalues Ω, which may be real or complex.
Solutions with real Ω correspond to propagating states, while
those with complexΩ represent evanescent states. For a specific
κ, two Ω values are possible that have opposite signs but the
same magnitude as the potential is symmetric in τ.

We used two reasonable values of τ1 for the results shown
in Fig. 1, where the real and imaginary parts of Ω are plotted
as a function of κ. We used the combination κτ2

1 /2 because its
value of 1 corresponds to the barrier height produced by each
soliton. As seen in Fig. 1, the real part of Ω vanishes in certain

Fig. 1. Band structure of a spatiotemporal Bragg grating formed
by a soliton train with τ1 = 0.1 (top) or 0.05 (bottom). The real
(solid line) and imaginary (dashed line) parts of Ω are plotted as a
function of κ. Momentum gaps are the regions where the real part
of Ω vanishes.

ranges of κ. AsΩ becomes imaginary, these regions correspond
to momentum gaps (in the moving frame used here).

The number of momentum gaps depends on the value of τ1
and increases as τ1 is reduced. For a given value of τ1, the width
of gaps depends on the value of κ. The width of propagation
bands is smaller for low values of κ. This can be understood by
noting that the “energy” is lower compared to the barrier height
of each soliton under such conditions. For larger values of κ,
propagation bands become large compared to the momentum
gaps. This is because each soliton has a smaller reflectivity for
the wave, and forming a bandgap requires interference between
multiple reflections. When comparing the band structures for
different τ1, we see that a larger τ1 results in a smaller separation
between different bands, and each bandgap is smaller.

We next study how a probe pulse interacts with the spatiotem-
poral Bragg grating formed by a soliton train. Whereas the band
structure was calculated for an infinite pulse train, we can only
use a finite number of pulses in our simulations. For a finite
pulse train, the first and last pulses act as temporal interfaces.
The probe pulse must interact with the grating through one of
these interfaces.

Figure 2 shows the results obtained by solving Eq. (3) numer-
ically for a Gaussian probe pulse launched with the initial
amplitude:

A(0, τ) = exp
[︂
−
(τ − τs)

2

2τ2
0

− iΩiτ
]︂
, (6)

with τ0 = 10, τs = −45, and Ωi = 7.63π. The pump train con-
tained 21 pulses, spaced such that τ1 = 0.1 and confined to the
region marked by vertical dashed lines in the top panel of Fig. 2,
showing the temporal evolution of the probe pulse with distance.
The bottom panel displays the spectral evolution of this pulse.

As seen in Fig. 2, the probe pulse is initially far from moving
Bragg grating formed by the soliton train. As it travels faster than
pump pulses, it begins to interact with the grating at a distance
ξ = 1 through the left temporal interface located at τ = −10. For
the situation shown in Fig. 2, κ of the incident pulse, κi = Ω2

i /2,
is determined by the dispersion relation of the homogeneous
medium. For our choice of Ωi, κi falls in the momentum gap
of the Bragg grating. This is the reason why the probe pulse is
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Fig. 2. Total reflection of a probe pulse when κ falls inside a
momentum gap. The top and bottom panels show, respectively, the
temporal and spectral evolutions with distance.

Fig. 3. Nearly total transmission of a probe pulse when κ is
outside a momentum gap. The top and bottom panels show,
respectively, the temporal and spectral evolutions with distance.

totally reflected in the top panel of Fig. 2. As the grating that
we consider is moving at the speed of pump pulses, its “Bragg
condition” is very different from the Bragg condition of a spatial
grating. We discuss this point in detail in the Supplement 1.

We expect the probe pulse to be mostly transmitted through
the Bragg grating if its κ value falls outside of a momentum
gap. We can adjust κ by simply changing the initial frequency
shift Ωi of the probe pulse. Figure 3 shows the temporal and
spectral evolutions of probe pulse using the same parameter
values except for Ωi = 7.23π. As expected, the probe pulse is
mostly transmitted through the Bragg grating. A small amount
of energy (about 3%) is reflected because of a mismatch between
the modes propagating inside and outside of the Bragg-grating
region.

Spectral evolution is also different in the preceding two cases.
As the probe begins to interact with the moving Bragg grating,
multiple equally spaced sidebands are generated in both cases.
However, the probe’s frequency undergoes a large spectral shift
only in the total-reflection case shown in Fig. 2. A much smaller
spectral shift occurs when the probe is nearly transmitted through
the Bragg grating.

To understand the origin of such spectral shifts, it is useful
to unfold the band structure of a spatiotemporal Bragg grating,
as shown by the staircase-like curve in Fig. 4. Dispersion in the
region outside of the grating is shown by the dashed parabolic
curve. Vertical (red) solid lines represent the spectrum of the
probe pulse, while the horizontal (blue) solid lines denote the
range of κ for the probe pulse. Vertical (red) dashed lines mark
the spectral shift occurring when the probe pulse is transmitted

Fig. 4. Unfolded band structure of a spatiotemporal Bragg grat-
ing. The dispersion in the region outside of the grating is shown by
a dashed curve. Vertical and horizontal lines mark the spectral and
κ ranges.

through the grating. In the case of nearly total reflection of the
incident pulse, the spectral shift becomes much larger becauseΩ
becomes negative. Some energy is still transmitted through the
grating even in this case because of a finite number of solitons
used to form the Bragg grating.

To relate our theory to experiments, we estimate the physical
values for the parameters used in our simulations. To suppress
undesired higher-order nonlinear effects, one may choose T1 =

1 ps and Td = 10 ps. In this case, the Bragg grating is formed
by using 1.7-ps-wide pump pulses separated by 10 ps. Using
a realistic value, |β2 | = 20 ps2/km, at the 1550-nm wavelength
for a silica fiber, the normalized length ξ = 1 corresponds to 5
km. Thus, experiments will require several kilometers of fiber,
a length that is not unrealistic. As for the probe’s wavelength,
its group velocity should be close to that of pump pulses. One
choice is 1145 nm in the normal-dispersion region of silica
fibers, which have their zero-dispersion wavelength near 1300
nm.

So far, we have assumed a periodic soliton train, which creates
a perfect Bragg grating. Just as electrons can exhibit “Anderson
localization” in disordered crystals, a photonic analog of this
concept has been found to occur for several optical devices
[16–18]. Here we investigate whether it occurs for spatiotempo-
ral Bragg gratings formed by a disordered train of solitons, when
the grating is assumed to be long enough that its boundaries have
no effect on the probe’s evolution.

Although a disorder can be created by randomizing variables
such as each soliton’s amplitude, width, or phase, here we focus
on the disorder caused by random variations in pulse-to-pulse
spacing. Mathematically, we replace the τ − m in Eq. (3) with
τ − m − xm, where xm varies in a random fashion with the inte-
ger m. We used a uniform distribution for xm in the interval
[−0.05, 0.05]. We solved for the eigenstates of Eq. (3) for the
choice τ1 = 0.05 and found that a localized state exists when the
Bragg grating is not perfectly periodic. Figure 5 shows such a
localized eigenstate. The value of κ for this state, κτ2

1 /2 = 1.087,
lies in the propagation band of a perfect Bragg grating (see
Fig. 1).

The localized nature of the eigenstate in Fig. 5 is the result
of the disorder introduced in the soliton train. In the frequency
domain, the spectrum has two widely separated dominant peaks.
This feature indicates that the localized state contains two waves
propagating in the opposite directions. The fine oscillatory struc-
ture in the time domain results from the interference of these
two waves.

We performed numerical simulations to study how the
Anderson-type localization affects the evolution of a probe

https://doi.org/10.6084/m9.figshare.27088705
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Fig. 5. Localized eigenstate of a disordered Bragg grating in the
time and frequency domains.

Fig. 6. Evolution of a probe pulse in a disordered (left) and a
perfect (right) Bragg grating showing localization in the former
case.

pulse. Since the localized mode mainly consists of two fre-
quencies, we launch a Gaussian pulse that contains two spectral
components and use the following form at the input end:

A(0, τ) = exp
[︂
−
(τ − τs)

2

2τ2
0

]︂
cos(Ωiτ). (7)

The parameters are chosen such that this pulse has a shape
similar to the localized mode shown in Fig. 5: τs = 11.7, τ0 = 1.9,
and Ωi = 12.5π. Figure 6 compares the pulse’s evolution in the
disordered and perfect cases. In a disordered grating, most of the
pulse’s energy remains localized at its initial position because of
its coupling to the localized mode shown in Fig. 5. Some energy
radiates away because of a mismatch between the input pulse
shape and the localized mode.

It is interesting to compare this type of evolution with a Bragg
grating without any disorder. As seen in Fig. 6, when the disorder
is not present, the input probe pulse excites two propagating
modes of the crystal. The two frequency components of the input
pulse break into two pulses that travel at different speeds, each
experiencing dispersion-induced broadening with propagation.
We conclude that it should be possible to observe localization
of the probe pulse by launching a disordered train of pump
pulses.

In conclusion, we have shown that a spatiotemporal Bragg
grating can be created inside a dispersive nonlinear medium by
launching a periodic train of pump pulses that travel as funda-
mental solitons. We developed a theoretical model and used it
to find the band structure of such gratings and to study the inter-
actions of probe pulses with the Bragg grating, both within and
outside of momentum gaps. We found that a photonic analog of
Anderson localization can occur when a disorder is introduced
into a spatiotemporal Bragg grating.

We briefly comment on how our device differs from photonic
time crystals that have attracted considerable recent attention
[13–15]. Their most striking feature is the possibility of para-
metric amplification. For spatiotemporal Bragg gratings studied
here, parametric amplification is not possible because the total
number of photons is expected to be conserved. In our case,
the nonlinear index change produced by pump pulses is rela-
tively small. Moreover, backward propagation does not occur in
devices proposed here.
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