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ARTICLE INFO ABSTRACT

Keywords: This review provides a detailed discussion of both the mathematical treatment and the impact
Fiber optics of a frequency-dependent Kerr nonlinearity on the propagation of short pulses in optical fibers.
Frequency-dependent Kerr nonlinearity We revisit the theoretical framework required to deal with the frequency dependence of the

Zero-nonlinearity wavelength
Photon-conserving propagation
Optical switching

nonlinear response without incurring any physical inconsistencies, such as the non-conservation
of the photon number. Then, we point out the role of the zero-nonlinearity wavelength, its
interplay with the zero-dispersion wavelength, and their influence on evolution of optical pulses
in optical fibers, specifically by looking at soliton propagation and the ensuing generation of
Cherenkov radiation. Finally, by means of a space-time analogy involving the collision of a
weak control pulse and an intense soliton, we describe an all-optical switching scheme in the
presence of a zero-nonlinearity wavelength within a photon-conserving framework.

1. Introduction

The advent of optical fibers has had a profound impact on modern science and technology. An example is provided by the
telecommunication revolution, spurred by the introduction of low-loss optical fibers in the 1970s [1] and the development of erbium-
doped fiber amplifiers in the late 1980s [2-5]. The unique feature of optical fibers is that they exhibit an extremely low loss in the
near-infrared region near 1550 nm. This feature, together with a strong field confinement, leads to long interaction lengths compared
to bulk media and makes optical fibers an ideal platform for the generation and study of several nonlinear optical effects. While
such effects are mostly detrimental in the realm of optical communication (see Ref. [6] for a review), they are used advantageously
for a vast number of photonic applications, ranging from optical sensors [7-19], tunable laser sources [20-33], to optical frequency
combs, which have revolutionized the search of exoplanets in recent years [34].

The prediction of the existence of solitons in optical fibers around 1973 [35,36], and their experimental observation in the year
1980 [37], opened up a new research area with a wide range applications. Solitons are short pulses that are able to propagate long
distances unperturbed due to a balance between the dispersive (linear) and nonlinear effects, the latter caused by the dependence
of the fiber’s refraction index on the local intensity, a phenomenon known as the optical Kerr effect. The introduction of photonic
crystal fibers (PCFs) in the 1990s [38-51] fueled further interest in nonlinear fiber optics. PCFs allow for the engineering of
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Fig. 1. Wavelength dependence of the real (left) and imaginary (right) parts of the nonlinear coefficient n, for several filling factors f in a silica glass doped
with silver nanoparticles.
Source: Reproduced with permission from Ref. [78].
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Fig. 2. Evolution of a fundamental soliton in a PCF for two different frequency-dependent nonlinear profiles, portraying how this dependence leads to substantially
different outcomes. DWs: dispersive waves. For reference, values of the first-order nonlinear parameter are y, = —0.6 (top) and y;, = —0.7fs / (wm) (bottom) (see
Section 2.6).

Source: Reproduced with permission from Ref. [79].

desired dispersion profiles while providing an enhanced confinement of the optical field, a feature favoring the onset of nonlinear
phenomena. A paradigmatic example of the PCF advantage is provided by the supercontinuum generation, i.e., intense coherent
broadband light, first observed by Ranka et al. [42]. Since then, supercontinuum sources have found applications in such diverse
areas as spectroscopy [52-64], microscopy [65-68], optical coherence tomography [69-74], and metrology [75,76].

In scenarios such as supercontinuum generation and others involving propagation of ultrashort pulses inside optical fibers, the
spectral range of interest becomes so wide that the consideration of the frequency dependence of the fiber’s nonlinear parameter
becomes paramount. As early as 2005, this was made clear in the work of Kibler et al. [77], where the dependence of the PCF’s
effective area (see Fig. 1 in Ref. [77]), introduced through the so-called shock term in the generalized nonlinear Schrodinger
equation [6], was shown to lead to a reduction in the Raman-induced frequency shift of the soliton on the red edge of the broadband
spectrum.

Most interestingly, it was found that frequency dependence of the nonlinear response of optical fibers can be modified with
the inclusion of metal nanoparticles inside their core. Such an approach was pursued in 2009 by Driben et al., who studied the
generation of low-threshold supercontinuum [78] and propagation of solitons [80] in silica glasses doped with silver nanoparticles.
Using a Maxwell-Garnet model, the composite medium was shown to exhibit a highly frequency-dependent Kerr parameter, which
could even acquire negative values depending on the filling factor of nanoparticles, as shown in Fig. 1. Recently, solitary wave
propagation was shown to be possible over several soliton periods in the normal dispersion regime of silica glasses doped with
silver nanoparticles [81].

When the core of an optical fiber is doped with metal nanoparticles, its nonlinear parameter y not only varies with frequency
but may also vanish at a specific wavelength known as the zero-nonlinearity wavelength (ZNW). Such fibers often exhibit a zero-
dispersion wavelength (ZDW), in addition to the ZNW, at which the second-order dispersion parameter §, vanishes. Solitons require
a positive y but anomalous dispersion such that g, has a negative value. It should be clear that this combinations can occur in
only specific spectral regions. Bose et al. [82-86] have studied numerically the dynamics of fundamental and higher-order solitons
inside PCFs exhibiting a frequency-dependent Kerr nonlinearity, with emphasis on the relative positions of the ZNW and ZDW. In
particular, they identified tunneling of a fundamental soliton from one solitonic spectral band to another through an intervening
non-solitonic region.

In the work of Arteaga-Sierra et al. [79] (see also Refs. [87,88]), the soliton self-frequency shift (SSFS) was shown to be either
enhanced or suppressed in PCFs with a frequency-dependent Kerr nonlinearity, depending on the sign of the slope of the nonlinear
parameter as a function of frequency. Moreover, this suppression of the SSFS was shown to occur without a spectral recoil and
energy transfer to a dispersive wave (see Fig. 2). In a recent work, Melchert et al. [89] considered optical waveguides with a ZNW
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and found that solitons can form in the normal-dispersion regime when y is negative. They also studied two-color compound pulses
and found that they can endure higher-order dispersion, self-steepening, and Raman scattering better than a single pulse.

When tackling the problem of propagation of short pulses in optical fibers with a frequency-dependent Kerr nonlinearity, care
must be taken to ensure that the nonlinear Schrédinger equation (NLSE) and its generalized version (GNLSE) do not produce
unphysical results. This is particularly relevant when the GNLSE includes effects of self-steepening [6,77,90-92] and intrapulse
Raman scattering [6,93-97]. As it was recognized in the work of Blow and Wood [90], the NLSE fails to preserve the number
of photons, even in a lossless medium, unless dependence of the nonlinear parameter on frequency is assumed to be of the form
7(@) =7y + 7,(®w — wy), and the slope set to y; = y,/w,, where y, is the nonlinear parameter evaluated at the central frequency w,.

In the case of PCFs with an arbitrary frequency-dependent nonlinear profile, one must resort to propagation equations that strictly
ensure the conservation of the number of photons. Recently, Bonetti et al. introduced the photon-conserving NLSE (pcNLSE) [98]
and its generalized version (pcGNLSE) [99]. These propagation equations were subsequently used to revisit soliton dynamics in
optical waveguides by Linale et al. [100]. The same authors also put forth a novel method to obtain the slope of the nonlinear
parameter [101], whose value can depart significantly from the usually adopted form of y, = y,/w,, by measuring the delay
experienced by a soliton with respect to a low-amplitude reference pulse. Further, soliton solutions of the pcNLSE and a derivation
of that delay and its relation to the medium self-steepening parameter were studied by Hernandez et al. [102]. Interestingly, a linear
stability analysis of the pcNLSE leads to a richer and more complex scenario of the phenomenon of modulation instability, compared
to the well-known results obtained with the NLSE [103]. Such an analysis emphasizes the role of the ZNW in a more clear fashion
in such systems. Results obtained with the pcNLSE that depart from those of the NLSE are discussed further in Section 2.6.

The influence of a frequency-dependent nonlinearity has also been recognized in the area of integrated photonics, specifically
in the propagation of short pulses in silicon nanowires decorated with a two-dimensional (2D) material such as graphene, whose
addition can generate a supercontinuum over short distances at relatively low pump powers [104-108]. The presence of a 2D
medium not only enhances the nonlinear response of the nanowire but also its dependence on frequency. As discussed earlier,
numerical modeling of such nanowires must be approached with care to correctly account for the evolution of the photon number.

In this work, we review results on the propagation in optical fibers with a frequency-dependent nonlinearity. Section 2
presents the derivation of several propagation equations that account for such frequency dependence, pointing out advantages and
disadvantages of each of them. Section 3 discusses the interesting case where the nonlinearity changes sign in the spectral region
under consideration. Finally, Section 4 closes this paper with some final remarks and conclusions.

2. Propagation under a frequency-dependent nonlinearity

In this section, we review several propagation equations used for studying nonlinear phenomena in optical waveguides.
Section 2.1 shows the derivation of a first-order differential equation from the well-known Maxwell’s equations in the frequency
domain. The widely used nonlinear Schrédinger equation is presented in Section 2.2, where we also highlight the approximations
needed to derive it. Section 2.4 explains how a simple frequency dependence of the nonlinearity is incorporated in a generalized
nonlinear Schrodinger equation. Other approaches used for handling the frequency dependence of the nonlinearity are summarized
in Section 2.5. Finally, we introduce the photon-conserving generalized nonlinear Schrédinger equation in Section 2.6.

2.1. Preliminaries

As usual, we employ Maxwell’s equations to arrive at the following wave equation for the electric field [6,97,109]

0’E(r,t) _ 0*P(r,1)

oz MTr
where r = (x, y, z) is the coordinate vector, E is the electric field vector, H the magnetic field, P is the induced polarization vector,
€p is the vacuum permittivity and p is the vacuum permeability. This equation is valid for nonmagnetic materials and makes use
of the approximation V - E ~ 0, which holds well in many cases [97,110], although it is not exact even in the case of an isotropic
medium [111]. The polarization vector can be split into two parts, depending on whether its dependence on the electric field is linear
or nonlinear: P = PL + PNL. In a centrosymmetric material, these two parts take following form in the electric-dipole approximation
and assuming a local response [97,109]:

V2E(r, 1) — poeo @

t
PL(r,t)=eo/ dt Ve, 1 —1)) - E(r, 1)), @
7:” t t
PNL(r,t)=eo/ d11/ dtz/ dt,
—00 —00 —00
2O, t =1t —t1y,1 —13) § B(r,1))E(r, 1,)E(r, 1), 3)

where the symbol : denotes a tensor product, 1) and y® are the first-order and third-order susceptibilities, respectively. As usual,
we have neglected higher order nonlinear terms.

For the sake of simplicity, let us assume that the susceptibilities do not depend on the propagation direction, assumed to coincide
with the z axis. Then, Eq. (1) can be written in the frequency domain as

2 on(r;,0)]* ) - ol* 4
(=T e
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where we have defined the Fourier transform as F{-} = [, -exp{iwt}d1, the refractive index n*(r;,w) = 1 + V(r,,w), Q¥(r,0) =
6‘PNL(r, w), c is the speed of light in vacuum, and V2 is the Laplacian operator with respect to r, = (x, y). Following the development
in Ferrando et al. [110], let us define the operator [i = Vi + (wn(r ,w)/c)* and consider the eigenvalue equation

LF,(r;,0) = f(o)F,r,, o). (5)

Given that £ does not mix the electric field polarizations, the eigenmodes F, are three-fold degenerate. Let {u;,u,,u;} be an
orthonormal basis for the polarization modes and let us define F,; = F,u; where F, is an eigenfunction of Eq. (5) with eigenvalue
£2. In a lossless medium (real-valued n), £ is self-adjoint and, hence, {F,,},, forms an orthogonal basis of functions that enables us
to expand the electric field as

Er.0)= ) A,z o, ©)
If we further assu’rne without loss of generality, that modes F,, are normalized, then Egs. (4) and (6) can be combined to obtain

<;—2 + /?(co)) A (zw) = (%)2 ON-(z. ). )
It can be shown that 4, ;(z, ) = /iii(z, ) + /iB,(z, w) such that

(_i% ~ @) A7 (z.0) = iEY; 1(co) (¢ ) 0 (@), ©

(<igz + @) AL o) = l(w) (2) @¥er.on. ©

Egs. (8) and (9) describe two waves, one traveling forward and another backward. Observe, however, that these two equations are
coupled through the terms on the right side involving a nonlinear interaction between AF and AB

All in all, we have arrived at two couple first-order propagation equations, one for a forward and another for a backward
propagating wave. In order to neglect the backward propagating equation, several arguments have been put forth in the literature,
such as the slowly-varying-envelope approximation [6,109], the slowly-evolving-wave approximation [112], the slowly-evolving envelope
approximation [113], the generalized few-cycle envelope approximation [114,115], and some other linearization approaches [116,117].
Other authors have straightforwardly neglected the backward propagation [90,92,109,111,118-120]. Further studies on the validity
of the forward-only approximation can be found in Refs. [121-129]. In what follows, we neglect the interaction of the forward and
backward propagating waves. We must note that these equations were derived for the lossless case, but they can be generalized to
nonlinear media with a complex-valued refractive index.

For the sake of clarity, we shall assume that there is a single mode propagating in the waveguide and the field is linearly
polarized. The discussion that follows can be extended to the more general multimode vectorial case, but equations become quite
cumbersome and do not shed more light into the subject at hand. With these simplifications, the forward propagation equations can
be written as

(42 ) Az = 42— (2) Mz, (10)

2ﬂ( )

oMz, w) = //}RZ dow,dw, A*(z,0,)A(z,0,)A(z, ® + @ — ®,)

X R(w, w|, 0,0 + @) — ), (1D

R(w, 0,0y, 0+ w0 —w,) =
3// dxdy7®(x,y,0,0,,0,,0+ o, - @,)
R2
X F*(x,y,0)F*(x,y, 0 F(x,y,0) F(x,y, 0 + © — @), (12)

where the factor 3 comes from the three-fold degeneracy. As can be observed from Eq. (12), in general, frequency dependence of
the nonlinear term is far from being simple. In the remaining of this section, we shall present different strategies for dealing with
this complexity.

2.2. Nonlinear Schrédinger equation

One simplification assumes that the nonlinear response is instantaneous, that is, y®(r,1,,1,,t;) = 7(3)(r)6(t1)5(t2)5(t3). As stated in
Ref. [6], this assumption amounts to neglecting the contributions of molecular vibrations (e.g., the Raman effect) to the nonlinearity
as they occur on a longer time-scale (~ 60 fs for silica optical fibers). We must note that this assumption implicitly presupposes
that there is no dependence of the third order susceptibility on frequency. Even so, the nonlinearity may vary with the wavelength
through the mode-shape dispersion. If we further assume that the transversal mode shape does not change much with frequency
and set F(x,y, o) ~ F(x,y), we have

ONM(z,0) = Ry F{A(z, )| A(z, )|}, 13
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Ry=3 // dxdy 7% (x, ) |[F(x, y)|* . a4
R2

Eq. (14) can be further simplified if we assume that the susceptibility does not the depend on the transverse coordinates, but we do
not need to do so here.

Observe that even with all these simplifications, the right-hand side of Eq. (10) still depends on the frequency. In order to
eliminate such dependence, we need to further approximate

2 2
L (2 - (2,
2f(w) N 2p(wp) N ¢
for an adequately chosen “central” frequency w,. Let us write f, = f(wg), A(z,1) = G(z,1)e®'h* Q = » — w, and f(Q) =
Yoo B /k!. Then, the propagation equation in time domain becomes

0G(z,1) . i kB, 0*G(z,1)
06z, _ .y DAk 07620

9z 0ok +iyy G(z.)|G(z. )%, a6

k=1
with y, = Ro(og /2Byc. If we limit the Taylor series up to the second term, this expression is reduced to the form of the well-
known nonlinear Schrédinger equation (NLSE). Eq. (16) is also used in the field of matter waves for analyzing atomic Bose-Einstein
condensates (BEC), and is often called the Gross-Pitaevskii equation (GPE) [130]. In that case, a scalar potential appears on the
right side of Eq. (16), which is also present when modeling the propagation of optical pulses in some particular settings (see,
e.g., [131-134]).

Let us define the quantities

= 2
Q
G or ,

Q, 17
R .Q+a)0 a7)

o(z) = / Gz, Q1PdQ2,  @(z) =
R

which are proportional to the energy and the photon number, respectively. If we assume negligible losses in the waveguide, ie., f
and R, are real quantities, it can be shown using Eq. (16) that do/dz = 0, and 0®/dz # 0. Thus, the propagation equation with a
frequency independent nonlinearity conserves energy, but it does not conserve the photon number. This unphysical result, already
noticed by Blow and Wood [90], discredits the approximations made to arrive at Eq. (16). Nonetheless, the NLSE is amply used and
its predictions have been verified in a wide variety of cases. It also allows us make a crude estimation of the order of magnitude of
the error caused by neglecting the backward-propagating wave, as we show in what follows.

2.3. Order of magnitude of the backward-propagating wave

Let us assume a narrowband setting such that the approximations that lead to Eq. (16) are valid. Then, it can be shown, departing
from Egs. (8)-(9), that

2 2
~4 <70_P0> _ (18)
YoPo + 26
where P, is the initial peak power of the forward-propagating wave. For the sake of simplicity, we have assumed that g, = 0 for
k> 0and |AF| > |AB|.

In a standard communications fiber, y, ~ 0.01 W~'m~!. For a silica waveguide at 1500 nm, f, ~ 6 x 10°m=! (see Chapter 1 of
Ref. [6]). If Py = 10W, then |[AB(z,1)/AF(z, t)|2 ~3x 10714, If, on the contrary, we assume a large nonlinearity y, = 1 W™ m™' (see,
e.g., Chapter 11 of Ref. [6]) and a large power P, = 1MW, |AB(z,1)/ AT (z, t)|2 ~ 0.02. Thus, neglect of the backward-propagating wave
seems to be reasonable, even for very large nonlinearities and input powers, even though in these cases the effect might be noticeable.
Furthermore, we shall show that the problems in photon-number conservation of the NLSE (or its simple extension to a frequency-
dependent nonlinearity in the following section) are far more serious than error caused by neglecting the backward-propagating
wave.

AB(z,1)
AF(z,1)

2.4. Simple frequency dependence of the nonlinearity

A simple approach to recover the frequency dependence of the nonlinearity is to merely replace y, in Eq. (16) by a function
7(£2). Writing the Taylor expansion of 7 as 7(£2) = Z/io 7.2 /k!, we arrive at

0G(z,1) _ ~ "B 0°G(z,1) | [~ i*ri o* 2
T_I;WTm(%Fﬁ) G(z,0|G(z,1)|%. (19)
In this sense, Eq. (16) can be considered a narrowband approximation of Eq. (19). Furthermore, it is often found sufficient to
include only the first two terms in the Taylor expansion. The term with y; is known to be responsible for the self-steepening
phenomenon [6,77,90-92].

However, in view of Egs. (10)-(12), it is not clear whether such an ad hoc addition of frequency dependence to the nonlinearity
is well justified. One justification found in the literature, appeals to the work of Hellwarth [135]. The author argues that the Born—
Oppenheimer approximation is valid for the expected nonlinear polarization in transparent non-conducting media whose electronic



A.C. Sparapani et al. Wave Motion 130 (2024) 103386

gap-frequency is much higher than the optical frequencies (for example, mid-infrared frequencies in silica fibers). By only focusing
on optical frequencies well above the nuclear-response frequencies, Hellwarth shows that

2O 11, 15.13) = TO@6(1)8(12)8(t3) + 8(t) 7D (X, 1) = 12)8(ty — 1), (20)

where 7® corresponds to the electronic response and 7 describes nuclear nonlinearities, such as the Raman effect. Tang and
Sutherland [136] (see also Ref. [137]) depart from Hellwarth [135], but they do not delve into the details of the mathematical
derivation. In turn, they consider two types of nonlinearities, instantaneous and with an exponential decay. The first type is clearly
represented by the first term in the last equation. For the other type of nonlinearity, they argue intuitively based on a scheme where
two coincident optical fields cause a distortion in the medium and, and a third field arriving during the exponential decay produces
the nonlinear response. This reasoning leads them to a (time) symmetrized version of the second term in Eq. (20), which after some
manipulations takes the form

R(o, 0, 05,0 + o) — ©3) = 3// dxdy 7 (x,y,0)
R2
X F*(x, y, 0)F*(x, y, 0 F(x, y,0)) F(x, y,0 + 0| — @), (21)

where, for the sake of simplicity, we wrote 7®(r,w, ®,,w,,w + ®; — w,) = 73 (r, ). Thus, using the approach of Hellwarth [135],
or that of Tang and Sutherland [136], does not reduce complexity of the frequency dependence of the nonlinearity. A further
assumption is needed, for example, that the mode shape does not change too much over frequencies of interest, i.e.,

F(x,y,0)) = F(x,y,0,) ® F(x,y,0+ ®| — w,y) & F(x,y,0). (22)
Armed with this new assumption, we can finally write
371%w)
Acgp(@)

where A is the effective mode area and, for the sake of simplicity, we assumed that 7® does not depend on r,. We can also think
of a waveguide that is homogeneous or a sort of “effective” third order susceptibility which can be factored out of the integral.
Let us define

K(z, ) = \l %«0)@(1, ), 24

so that |K(z,1)|? is the optical power if n(w) does not change much with frequency, which is usually a good assumption [77].
Furthermore, it is customary to define the effective refractive index and the effective nonlinear refraction as

R(@) =37%(w) // dxdy |Fx,y.0)|" = (23)
R2

f(Q) s

= =2 25
(L2 + wg)c 2 cegn| (25)

Nepp(2) =
respectively. Let us note that we have defined n, in such a way that it is frequency independent, which is a good approximation for
many materials [77]. Furthermore, it has been shown to have a negligible frequency dependence far from ultraviolet resonances in
fused silica [138]. Given these definitions, we can rewrite the propagation equation in the frequency domain as (see Chapter 2 of
Agrawal [6])

0K(z, Q)

o =il (@K, Q) +i7 (@O (z, ), (26)
O (z,1) = K(z,1) / dtyh(t — 1) K(z.1), 27
R
I, (2 + wy)n,
QD= ——— 1 < 28
7 Negp (2)Agpr (£2)c 28)

with A(w) = 1 + 33 (w)/7¥, and §' = § — f,. This equation is known as the generalized nonlinear Schrédinger equation (GNLSE)
and, with some minor modifications, have been put forth in Refs. [90-92] (see, also, Chapter 2 of Agrawal [6]). To a first order in
0, the nonlinear parameter # can be written as [77,90,92]

7@ =70 (1+7,2) (29)
1 )
7, = i In (ngg (A4 (2)) e’ (30)

7, is a value associated to the effect of self-steepening and optical shock formation.

It is interesting to note that Eq. (26) is the generalized Gross—Pitaevskii equation used to model the nonlocal boson interactions.
Indeed, by interchanging space and time variables, the function h(f) represents the nonlocal kernel (see, e.g., Garcia-Ripoll
et al. [139]). This connection between the models of a weak spatial nonlocality in Bose-Einstein condensates and the frequency
dependence of nonlinearity in fiber optics deserves further study as results in one field may shed light on the other.

In the absence of losses and given Raman scattering is included, the number of photons should be conserved, but not energy. In
the lossless case, f, n, and A are real-valued functions. Under this assumption, Blow and Wood [90] showed that the conserved
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quantity is

IR(z, Q)

1
Q+ w, (31)

¥(z) = / dQ2nepr (2)A1¢(£2)
R
¥(z) is proportional to the number of photons if and only if ny; and A, do not depend on frequency. In view of Eq. (30), this
implies that 7, = “’81' However, this is not the case in general [77]. For example, Panoiu et al. [140,141] found that 7, can be even
negative in silicon photonic wires at frequencies far from w,. Thus, the GNLSE (Eq. (26)) does not conserve the photon number in
general.

2.5. Other approaches

Laegsgaard [142] payed special attention to the problem of photon conservation, taking into account modal dispersion. Without
getting into the details (the interested reader is referred to Refs. [143-145]), we can mention that the author follows the development
in Kolesik et al. [146] where a propagation equation is derived on the basis of a decomposition in eigenmodes, but without
normalization. The resulting equation is proved to conserve the photon number, but it cannot be numerically solved with a similar
efficiency as Eq. (26). Thus, the author appeals to an interesting factorization of the nonlinear coefficient which leads to an equation
similar to the GNLSE that conserves the photon number in a lossless waveguide. That factorization is akin to turning Eq. (12) into

R(w, 0, 05,0 + 0] — w,) q.’;*(w)qg*(wl)q.’;(wz)é(a) +w; — w,). (32)

This type of factorization is also found in all other photon-conserving approaches.
A very different approach is followed by Amiranashvili and Demircan [125] (see also Refs. [126,128,129]). The authors start
from Maxwell’s equations for linearly polarized fields and use a Fourier series to write the electric field as

E(z )= ) E(zope ™, o= ZLTk

kEZ

(33)

for some period 7. They introduce a complex electric field A(z,w;) such that E(z,1) = Re{A(z,1)}, and E(z,w) = [(JA(z, ®) +
A*(z, —w)]/2. Furnished with these definitions, they derive the propagation equation
0 _
z

w
cn(w)

won(w)

i

Z )((3)(w,w1,wz,w3)E(wl)E(w2)E(w3). (34)

¢ w)+wy+w3=0

This equation is similar to the GNLSE (cf. Eq. (26)), but it includes both the forward and backward propagating waves. This is
indeed possible by appealing to E in the second term. The authors of Ref. [125] then prove that the preceding equation conserves
the photon number. However, they need to appeal to one key assumption: the nonlinear coefficient in Eq. (12) is symmetric with
respect to all permutations of frequencies. As noted in Ref. [125], this is suggested by Miller’s rule [147,148] (c¢f. Eq. (32); modal
dispersion is not taken into account):

V@, 0,05, 03) « 7(0) 7V (@) 7V (0,) 7V (03). (35)

We refer the interested reader for details to Ref. [125].
2.6. Photon-conserving NLSE

Despite the remarkable success of the (G)NLSE in modeling light fields in optical fibers, its limitations become evident when
dealing with media whose nonlinear response varies considerably with frequency. Blow et al. [90] have shown in 1989 that whenever
the frequency dependence departs from the particular case if 7(2) = y,(2+w,)/®,, the GNLSE does not conserve the photon number,
even when there are no losses. This specific form of the nonlinear parameter becomes a necessary condition because all other effects
(linear dispersion, Kerr effect, Raman effect) do not alter the photon number. As discussed in this section, even though alternatives
to the NLSE and GNLSE have been explored, the more general case of an arbitrary 7(£2), whose dependence on frequency may arise
either from a frequency-dependent nonlinear index n, or from a frequency-dependent effective area, was not considered prior to the
introduction of the photon-conserving NLSE (pcNLSE), at least not in the form of that lends itself to efficient numerical calculations.
We show in this subsection that the path followed to obtain the pcNLSE also paves the way to including other effects such as the
inclusion of Raman scattering.

In very general terms, the pcNLSE appears as a special case of the quantum description for the propagation of radiation inside a
waveguide such as an optical fiber. Once the quantum evolution have been properly described by resorting to a quantum picture of
the processes such as dispersion and four-wave mixing (FWM), we expect that observations would reproduce the classical description
on averaging. Since photon number is conserved by default in a quantum description, its conservation will be naturally inherited
when going to the classical limit. One only has to pay special attention to what precise form of the evolution operators must be
used to reproduce a given frequency dependence of the nonlinearity in the classical limit.

We first show how to derive the usual nonlinear Schrédinger equation, Eq. (16), for a lossless waveguide in a quantum-mechanical
setting. Following the work of Lai and Haus [149], we start with the following evolution equation:

.0 .
—m&w/z) = P|P,), (36)
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where |¥,) represents the quantum state at a distance z inside the fiber for a given initial state |¥,) at z = 0 and P is the propagation
operator. Let |V, ), or just [¥) when clear from the context, represent the state at a given frequency 2 in such a way that
I¥.) = Qg ¥, .o Note that evolution occurs along the fiber’s length, and that is why the conserved quantity measured by P is linear
momentum (rather than energy as for the Schrédinger equation).

Quantization of electromagnetic fields is performed by resorting to an analogue between optical modes and harmonic oscilla-
tors [150,151]. Let us assume that the envelope A(z, ) of the electric field in a single-mode fiber can be written as a periodic function
with period T as

Az, 1) = Z R, (2)e 0/ =imAA Q. (37)
mEZ
with AQ = 2z/T. In the limit of a continuum frequency space, this equation corresponds to the inverse frequency Fourier transform
and K,, corresponds to K(z,£2). Furnished with this understanding and with some abuse of notation, we proceed as if we were
always working with a continuum, where AQ becomes dQ. The quantization is accomplished by defining the operators

R(z,Q) = \/2;”“" iz, e, Ki(z,Q)= ,/zgh‘” it (z, Q)e'™, (38)

where 4(z, Q) and a'(z, Q) are the usual lowerlng and raising ladder operators, which in turn can be related to the classical complex
envelope K(z, ), and its complex conjugate K*(z, .Q) This relation exhibits itself naturally when considering the classical energy
density for each frequency 2 at a given z, |K(z, _Q)l Indeed,

IK(z, Q)] = R*(z. QR (2, Q) = (K'(z, DK(z, Q)

_ 27rhw

(P|a'(z, Q)a(z, 2)|¥)

_ 27rha)n_Q ’ 39)
dQ

where we have used the fact that afa|¥) = fiy|¥), with n, the photon number.
The NLSE can then be written in the frequency domain as the evolution of the mean

% (R(z,2) = 1f(2) (Rq) +i7() (F{IK(z.)*K(z.1)})

=if(2) (Rg) +i //R doydo, (yz(”)i (RS R Kysay ) - (40)

Given that 9, (K ) = % (IKgq, P1), it follows that

(Ko, Pl = h(QK, + ;’()2)// da)lda)2 K KQ szml+w2> (41)

together with the hermiticity P = P'. The right side of Eq. (41) suggests that P should be decomposed as P = P + Pryy, Where
the linear contribution is due to chromatic dispersion and the nonlinear contribution is due to four-wave mixing (FWM). Since the
momentum of a photon of energy i(R2 + w,) is given by #f(R), if there are n,, photons per mode, it is natural to propose

By = / A hp(Q iy = / dﬂ’ﬂﬁ' Ry (42)
b= [ ST 2wy @

Hermiticity of PD results from the fact that (&) is real valued in a lossless waveguide. Also, as expected,
. B[R o, K} 1Koy
(R, Byl = / o e Yy
R 27(Q + wp)
= / hp(2)6(R2 — 2NKpd Q' = (DK, (43)
R
It is not easy to deduce the form of Ppy), since new frequencies are produced during a FWM process. Nevertheless, FWM can be
thought as a process where two photons of frequencies w, and w, are annihilated while two new photons are created at frequencies

— . JORC N ~
w3 and wi‘l st;ch that @, + w, = w3 + w,. In terms of ladder operators, FWM then can be pictured as a 0,40,80,-0/d0,-0r- We thus
propose the form

. PO N
Pewn = K.///IR& d2,d2,d' 0, Ko, Ko~ Ko, (44)

where « is to be determined. With a simple change of variables it is easy to show that Py = p;wm whenever « is a real number.
Straightforward calculations yield

[K o, Pewn] = 4xhok // d2dQ'K, K}; . (45)

To recover the expression given by the NLSE in Eq. (16), it suffices to choose x = y,/(1673@). Thus, the following form for the
propagation operator,

A /
P / a0 )i g,
R 271(82" + wg)
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70 et Bt P 0
+ Toriay ///]R3 d2,d,dQ K!21 KQZKQI_QKQZ_Q/, (46)

provides a quantum description of light propagation inside fiber, when dispersion and FWM are considered. Its use leads to the
NLSE in the classical limit with 7(£) =~ y,.

An important question is how P should look like when the effect of self-steepening is not negligible, and 7(£2) cannot be
considered a constant. One might consider making « in Eq. (44) a function of frequency (we have already discussed a similar
approach in Section 2.4). There are, in fact, four frequencies involved and « should depend on all of them. This arguments leads to

Powm = /[/R3 dQyd2,d Q23 k(2),82, Q) — 23,8, + (3)
x Kb, K Koo, Rayva,- (47)
The hermiticity now imposes the condition
K(£21,82,,25,02,) = k" (24, 23,82,, Q). (48)
Following Ref. [125], we use a more stringent condition that also guarantees hermiticity:
(21, 25, 23, Q) = Re {$(2)P(2,)p(23)p(24) } (49)

where ¢(£2) is a possibly complex function of the frequency. Eq. (49) can be considered a generalization of Miller’s rule [147,148].
The FWM operator now becomes

N 1 P N
Py = -/// d2,dQd 2V, TUQI_Q}UQZJrQﬁ

/// dQ,d2,d 2,0 Q Agz —a;Va,i0y (50)

with U, = ¢(Q2)K,, and V,, = ¢*(2)K,,.

We need to choose the function ¢(£2) such that it reproduces correctly the frequency dependence of 7(£). For this purpose, it
suffices to restrict to a scenario where the NLSE and the new equation coincide: that of a monochromatic wave that only suffers
from self-phase modulation (SPM). This approach yields ¢(2) = V/7(2)/(2(2x)3hw). Using this form, we arrive at the so-called
photon-conserving NLSE

&‘Z‘Q) Rz, Q) + 1 (wo + Q) FQF{V* (2, U2, T)}
+ E(wo + Q) QF U, Tz T))}, (51)
where
Q) = V2203 hp(2) = Y(Q)Q (52)

U(z,T)=F HU(z,2)}, and V(z,T) = F~ {V(z,2)} with
U(z, 2) = [(Q)K(z, Q), V(z, Q) = I'(Q)K(z, Q). (53)

To stress the importance of our new photon-conserving NLSE, we perform numerical simulations for three scenarios. We launch
a T, = 0.1 ps Gaussian pulse with a peak power P, =200 W and a central frequency w, corresponding to the wavelength of 1550 nm
in a fiber with negligible chromatic dispersion and 7(£2) = y,+7,£. We choose y, = 1.2x 107> W~Im~! but use three different values:
71 = v0/ @, ¥1 = 27/ g, and y; = —yy/wy. The numerical results are shown in Fig. 3. Left panels show the input and output pulses
for the NLSE and the pcNLSE, while right panels show the photon number as a function of distance in terms of the shock length
Zgnook = 0.39 Ty /(|71 Py). For v, = yy/w, (top panels), results coincide as expected. Nevertheless, for y; = 2y,/w, and y; = —y,/w,
(middle and bottom panels), results differ significantly, and the necessary condition of photon conservation is only obeyed by the
pcNLSE.

2.6.1. Photon-conserving GNLSE
Eq. (51) does not include the effect of linear losses or that of Raman scattering. For including such lossy processes, we need to
consider an open quantum system, leading to the so-called Lindblad formulation [99,150,151]

dp

=t = [p ol + Z L(l)pLT(l)_ L {p i (I)L(l)}
dz meZ
WAL L. LWE®y, 54)
meZ

where p is the density matrix of the mixed quantum state, and L and L® are the Lindblad operators [152] for linear loss and
Raman scattering, respectively. Observe that the inclusion of other lossy phenomena, such as two-photon absorption [153], can be
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Fig. 3. A T, =0.1 ps Gaussian pulse with a peak power P, =200 W and a central frequency o, corresponding to the wavelength of 1550 nm, is launched in a
fiber with negligible chromatic dispersion and 7(Q) =y, + 7,2, 7, = 1.2 x 1073, Pulse shapes (left) and photon-number evolution (right) obtained using the NLSE
and the pcNLSE for three values of the self-steepening parameter: y, = y,/w, (top row), y, = 2y,/w, (middle row) and y, = —y,/w, (bottom row). The shock
length is given by zy,4 = 0.39 Ty/(ly,|P).

done in a similar fashion. The momentum operator in Eq. (46) has to be modified to incorporate the conserving (hermitian) part of
the Raman interaction as P = Py + Pryy + Py, where

y0f<R>Re{h”} o )
B = /// dQ,dQ,dQ —— rros 199 }ZZKQ]_Q,KQZW,, (55)

in the limit of a continuous spectrum, f® is the fractional Raman contribution, and 2® is the normalized Raman response [6].
The Lindblad operators can be shown to be [99,150,151]

0= /%2 g (56)

wy + 2

(57)

where @ is the frequency-dependent linear loss. Some simple but lengthy calculations lead to the so-called photon-conserving GNLSE
(pcGNLSE):

aKf:’ D @Rz Q) - f) R(z, Q)
(wy + Q) T(Q)

+ lf

+ i(wo +92)1:*(~Q)

+if®(wy + Q) T @QF(U(z,1) /oo deh® ()| U(z,1 - 17)|%}
0

F{V*(z, T)U*(z,T)}

F{U*(z, T)V?(z,T)}

- if®(wy + Q) T (@QF (U (z.)|Uz, 1)) (58)

With the use of GNLSE not only photon conservation would fail but also predictions would be different both quantitatively and
qualitatively. For instance, for media with negative nonlinear coefficients, the GNLSE predicts an unphysical Raman-induced blue
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shift, while the pcGNLSE predicts the usual red shift. Furthermore, the pcGNLSE can be efficiently solved with the same numerical
algorithms as the GNLSE [154,155].

2.6.2. Some consequences of the pcNLSE

Linale et al. [103,156] studied differences in the predictions made by the NLSE and the pcNLSE for the phenomenon of
modulation instability (MI). One interesting result is related to the cutoff power (COP) of the MI found in the presence of self-
steepening. It has been shown that the MI gain ceases to exist when input pump power exceeds a critical value [157-159]. The
analysis based on the pcNLSE, however, reveals that are parameter regions where this cutoff is suppressed, leading to MI with
either a narrowband or ultrawide gain spectrum, depending on the sign of y,.

It is interesting to note that even soliton solutions of the NLSE do not conserve the number of photons [160]. Hernandez
et al. [102] analyzed the existence of solitons under the pcNLSE. It turns out that one can obtain approximate analytic expressions
for solitons when the sign of 7(£2) does not change. Indeed, it is simple to show that for 7(£2) > 0 the pcNLSE can be written as

TED _ i (@B + oy T DR UG DIUG P, (59)
A similar expression can be obtained for 7(£2) < 0. Further insight into the photon-conserving NLSE can be obtained by noting, as
explained in Ref. [102], that one can use the following approximation in the narrowband case:

@ ~ if (QR(z, Q) + iy, (1 + §> FIK(z 0K (z 0%}
0
- (yl - ﬁ) FlIK P 2KED, (60)
o ot

This approximation reduces to the usual NLSE when y, = y,/w,, which is the only case in which the NLSE conserves the photon
number.

Linale et al. [100] extended the study of soliton-like pulses to the pcGNLSE. In particular, using the method of moments [161—
163] for positive 7(£2), it was found that an initial sech-shape pulse evolves as

-q T -q,7
4 > exp {—QF(T -q,) - iCpsz + iqbp} , (61)
p 4

T
K(z,t) = kpsech <

where @, is the soliton’s frequency shift and g, is the temporal delay induced by this spectral shift. These parameters are found to
be (see Appendix A in Ref. [100]):

8TrroPo P2, (}/1 (;;: + 2) roPo

P 2 q, = 2+ ———7z, (62)
1575 2 3w

where T, is the effective Raman parameter (see Chapter 2 of Agrawal [6]) and P, is the initial peak power. It is interesting to compare
these expressions with the analog ones for solitons under the NLSE [162,163]. The frequency shift £2, does not change. However,
the delay is significantly different. In the case of the pcGNLSE, the effect of the self-steepening disappears when y; = —2y,/w,.
Furthermore, measurements of g, enable the estimation of the value of y,. For more details, the reader is referred to Ref. [100].
Refs. [101,164] present alternative methods for measuring the self-steepening parameter.

The results in this section assume that the sign of the nonlinear coefficient 7(£2) does not change over the entire frequency
range. A more interesting scenario corresponds to the case where the sign of 7(£2) changes at a specific wavelength known as the
zero-nonlinearity wavelength (ZNW). This case is analyzed in the next section.

3. Impact of a ZNW and a ZDW

In this section, we present some recent results on the influence of the zero-dispersion and the zero-nonlinearity wavelengths on
the propagation of pulses. In particular, Section 3.1 delves in the influence of the zero-nonlinearity wavelength on the propagation
of solitons. Section 3.2 studies the collision of a strong pulse with a much weaker pulse in the presence of a ZNW. Using the temporal
analogy of the reflection and refraction phenomena, it is explained how a weaker pulse can be used to control a stronger, pump,
pulse, with applications, e.g., in all-optical switching.

3.1. Influence of a ZNW on solitons

In the work of Bose et al. [83], the influence of both the ZNW and the ZDW on the propagation of solitons in a silver-doped PCF
was studied. They found that the Raman-induced red shift of a fundamental soliton is reduced when the ZNW is longer compared
to that of the soliton, effectively acting as a barrier. Moreover, the relative positions of the ZNW and the ZDW give rise to separate
solitonic and non-solitonic spectral regions with significantly different pulse dynamics, even producing different kinds of dispersive
waves. In another study, Bose et al. [82] showed how the interplay between dispersion and a large negative nonlinearity, achieved
in a PCF doped with silver nanoparticles, results in a blue shift of solitons. They also analyzed the role of self-steepening in the
generation of dispersive waves. Building upon this work, Arteaga-Sierra et al. [79] showed the enhancement and suppression of the
Raman-induced frequency shift of fundamental solitons and dispersive waves, depending on the magnitude of the self-steepening
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Fig. 4. Dependence of output spectra on the ZNW (adapted from Ref. [166]) when the NLSE (dotted orange curve) or GNLSE (solid blue curve) is employed
for soliton’s propagation. The ZNW is indicated by a black line. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 5. Changes with distance in the number of photons (top) and corresponding spectrograms (bottom) obtained using the GNLSE (left) and the pcGNLSE
(right) [166]. The ZNW lies at 600 nm for these numerical simulations.

parameter s = y,/(yy/@,). They also showed the propagation of solitons in the normal dispersion regime, made possible by the
existence of a ZNW, and explored pulse dynamics for different relative positions of the ZNW and the ZDW.

Zhao et al. [81] studied the evolution of higher-order solitons propagating in an all-normal dispersion (ANDi) PCF doped with
silver nanoparticles and exhibiting a strong frequency-dependent nonlinearity. They argue that the existence of a ZNW and tunability
of the frequency dependence of the nonlinear parameter provide a degree of freedom in regulating the spectral shift and energy
distribution of the fundamental soliton and dispersive waves. Similarly, in Ref. [165], Zhao et al. extended the study of the effect of
the ZNW and the ZDW on the propagation of higher-order solitons. As in previous cases, they reported a blue shift of the fundamental
soliton satisfying phase-matching and group-velocity-matching conditions. Further, they reported on the tunneling experienced by
the soliton through a spectrally limited non-solitonic region.

In a recent study, Hernandez et al. [166] analyzed the behavior of Cherenkov radiation when the soliton is launched at the
wavelength A, = 850 nm, but the ZNW varies over a wide range; their results are shown in Fig. 4. When the ZNW lies far from
Ao (Aznw = 3000 nm), both the NLSE and the pcNLSE yield similar results, in agreement with the theoretical prediction. However,
the use of the photon-conserving equation is required when the ZNW is close to the soliton, as seen clearly in the central and the
right panel of Fig. 4 for A,y = 875 nm and Azyw = 855 nm, respectively. In those cases, both the amplitude and frequency of
Cherenkov radiation exhibit different results for the NLSE and pcNLSE. The use of the pcNLSE is essential for accurately predicting
the frequency of the Cherenkov radiation (Aq, ~ 820 nm).
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Fig. 6. Changes with distance in the number of photons (top) and corresponding spectrograms (bottom) obtained using the GNLSE (left) and the pcGNLSE
(right) [166]. The ZNW lies at 1000 nm for these numerical simulations.
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Fig. 7. Interaction between a soliton (pump) and a weak signal for three values of the ZNW [167]. (a) The signal is mostly reflected with a large frequency
shift when the ZNW is 1450 nm (top) or 1650 nm (bottom), but is fully transmitted when the ZNW is at 1550 nm (center). (b) An analysis of the photon number
identifies three regions of transmission, T, or reflection, R. 7, is the result of the analytical model in Ref. [167]. (c) Dependence of T and R on pump power.

Hernandez et al. also studied the dynamics of trapped radiation, arising from the propagation of a 9th-order soliton, by using the
PcGNLSE to guarantee strict conservation of the number of photons. They showed that the influence of the ZNW becomes significant
as the soliton’s spectrum red shifts and the trapped radiation’s blue shift is strongly affected depending on whether the ZNW lies on
the blue or the red side of the soliton. Fig. 5 shows the trapped radiation when the ZNW is on the red side of the soliton, i.e., when
Aznw = 600 nm, and Fig. 6 shows this when it lies at the blue side of the soliton, i.e., when A,\w = 1000 nm. Although the dynamics
might appear similar when looking at the spectrograms, top panels display the evolution of the photon number. The NLSE is found
to produce unphysical results in terms of the conservation of the number of photons. Further analysis for the relative positions of
the ZDW and the ZNW was carried out by Melchert et al. in Ref. [89]. The authors looked at non-coherent coupled pulses in a
medium with a ZNW and found the formation of photonic meta-atoms and molecule-like bound-states of pulses.
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Fig. 8. Temporal and wavelength shifts of the soliton when the ZNW lies at 1450 nm and the peak power of the control pulse is 10 W (top) or 20 W (bottom).
The Raman-induced frequency shift is suppressed or enhanced depending on control-pulse parameters. Input soliton and its spectrum are shown in gray.

3.2. Collision of pulses in the presence of a ZWN

The influence of the ZNW of a nonlinear medium on the interaction between an intense soliton and a weak signal pulse was
studied by Sparapani et al. [167] using a model that relies on the temporal analogy of reflection and refraction put forth in Ref. [168].
Within a photon-number conserving frame, the signal’s evolution is governed by
B o2

K + B g, +i2

9 . 9
or %2 o2

3 Ko = i7P(l)]Csjgs (63)

where Kg,(z,1) = K,(2, 1e P uigz+isg1 Qg is the frequency shift of the signal from the pump, §; = §'(2,), B = B” (L),

P(t) = |Kpump(t)|2, and the nonlinear coefficient is given by

7=2Re {\ /10 7 Q)@ + Q) | (64)

As seen in Eq. (64), when y, and 7(2g) have the same signs, the nonlinear coefficient y has a finite value. In contrast, when
they have opposite signs, ¥ vanishes. In the former case, the weak pulse undergoes a reflection when it collides with the soliton.
In the latter case, the two pulses do not interact nonlinearly, and the weak pulse should be transmitted without any temporal
reflection. Numerical results shown in Fig. 7 confirm this behavior when the relative position of the ZNW is varied in the range of
1450-1650 nm. As seen there, when the ZNW lies in between the wavelengths of two pulses, the signal is fully transmitted (center
panel in part a). In contrast, when the ZNW lies on the blue side of the signal (top panel) or on the red side of the soliton (bottom
panel), the signal is mostly reflected.

The transmitted and reflected regions described in Ref. [167] and seen in Fig. 7 depend on the spectral location of the ZNW,
which can be treated as a design parameter, as shown in part (b) of Fig. 7. Given a fiber design with a certain ZNW, an all-optical
switching scheme can be implemented by changing the soliton’s peak power, as suggested in part (c) of Fig. 7.

Melchert et al. [169] have discussed how a control pulse launched with much less power than that of a pump can affect the
evolution of the intense pump pulse. This behavior is analogous to that of a transistor. Based on this concept, Sparapani et al. [170]
have recently analyzed how a weak control pulse, launched into an optical fiber at a different wavelength than that of the pump
pulse, can affect the pump pulse both spectrally and temporally and how such changes can be controlled by adjusting the initial
delay (AT) between the two pulses. They studied the influence of the ZNW over the extent of such nonlinear control and how the
arrival time and frequency shifts of the pump pulses could be altered by changing parameters of the control pulse. Fig. 8 shows
the results of numerical simulations for a pump pulse that propagates as a soliton inside an optical fiber and a control pulse is
used to change its properties. The results are shown for two values of the initial delay, AT, between the two pulses. The soliton
experiences a blue shift when AT = 18.75 ps and a red-shift when AT = 6.25 ps, and its arrival time at the fiber’s output is also
affected accordingly. The arrival time can be further tuned by changing peak power of the control pulse power. The peak power is
10 W in the top panels and is changed to 20 W in the bottom panels. Notice that the frequency shift induced by the control pulse
can suppress or enhance the Raman-induced red shift of the soliton. An optical filter at the fiber’s output can convert such spectral
changes into an optical switch where pump pulses are transmitted or blocked depending on whether a control pulse is launched or
not at the fiber’s input end. Thus, the presence of a ZNW in a dispersive nonlinear medium opens up the possibility of realizing an
all-optical switching scheme.

4. Conclusions
We have provided a thorough review of pulse propagation in optical waveguides, whose nonlinear response varies with frequency
so much that even the sign of the Kerr parameter n, may reverse at a specific wavelength known as the zero-nonlinearity wavelength.

We first focused on the mathematical treatment of the frequency-dependent Kerr nonlinearity for propagation of short pulses
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in optical fibers. We revisited the theoretical framework required to deal with this feature within physical constraints, such
as the conservation of the photon number, and discussed several approaches used to cope with the problem. In particular, we
presented the photon-conserving nonlinear Schrodinger equation and its generalized version and applied them to the study of the
propagation of short pulses in waveguides exhibiting a frequency-dependent nonlinearity. Furthermore, we emphasized the role of
the zero-nonlinearity wavelength and its interplay with the zero-dispersion wavelength by pointing out their influence on nonlinear
propagation, specifically that of solitons and the ensuing generation of Cherenkov radiation. Then, by resorting to a space-time
analogy, we discussed the interaction of a weak control pulse with an intense soliton, a promising scheme for all-optical switching.
In this review, we have dealt with either theoretical results or numerical simulations. To the best of our knowledge, waveguides
with a zero-nonlinearity wavelength are yet to be fabricated. Thus, this research area needs a strong effort on the experimental side
so that theoretical predictions reported here can be corroborated. PCFs doped with metallic nanoparticles, as mentioned in Sections 1
and 3, represent a plausible approach towards fabrication of the waveguides with a ZNW, but other approaches may be developed
in due time. In this direction, optical fibers are not the only choice. Indeed, as mentioned in Section 1, integrated waveguides,
especially those decorated with 2D materials such as graphene, provide an alternative where a ZNW can be found, putting forth the
power and versatility of integrated photonics into the realm of technologically relevant applications such as all-optical switching.
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